I'nmaBa 1. IloBTOpeHune HEKOTOPHIX NOHATUI
JIMHEHOI aJaredpbl

1.1. JImHeitHbIe TpeoOpa30BaHUA

[Tycts P — HekoTOpoe moJie ([arie Beero sTo OyJier mose JIeficTBTe b
Hbix ancest R i nose komruiekchbix aucen C).

Onpenenenne 1.1.1. MuoxectBo V' Ha3bIBACTCS AUHETHDIM WA 6EKIMOP-
HoLM npocmparncmeom Had nosem P, ecian

a) JIOOBIM 3JIeMeHTaM &, Y € V MOCTaBIeH B COOTBETCTBUE IJEMEHT 2 =
x + y €V, nazpiBaeMblil cymmoti & 1 y;

0) mobomy anementy ® € V u smobomy uncity A us nosst P nocrasrien B
COOTBETCTBHE JIEMEHT A&, HA3bIBAEMbIi IIPOU3BEICHUEM UNCIA A HA SJIEMEHT
& TaK, 9TO TU ONEPAIUH YAOBIETBOPSIOT CJELYIOIIAM aKCHOMAM:

[. 1. ¢ +y =y + @ (KOMMyTATUBHOCTB ).

2. (x+y)+z=ax+ (y+ 2) (accoumaTuBHOCTS).

3. cymectByer 3aemMeHT 0 Takoit, uto & + 0 = @ jIa J1I000ro IeMeHTa,
x €V (cymecTBoBaHue HYJIEBOTO JIEMEHTA).

4. nns Jgiodboro snementa © € V' ocymiectByer sjemeHT —ax € V) Ha-
3BIBACMBII NPOMUBONOAOHCHOIM K IAEMEHMY T Takoii, uto & + (—x) = 0
(cymiecrBoBaHme TIPOTUBOIOIOKHOIO SJTEMEHTA,).

II. 1. 1-a = x ansa moboro snementa € € V' (3mech 1 — ennnnna
nonst P).
2. a(fx) = (af)x naga mobbix a, § € P u moboro x € V.

€r) =
III. 1. (o + B)x = ax + S s mobbix «, f € P u moboro x € V.
2. a(x + y) = ax + ay maa goboro o € P u siiobbIX 9JIEMEHTOB &,
yeV.

DJIEeMEHTBI JIMHEHHOTO MPOCTPAHCTBA HA3BIBAIOTCST 8EKIMOPAMU.
Onpenenenne 1.1.2. JluneitHoe npocTpancTBO V' HA3BIBAETCS M -MeEPHbIM,
€CJIM B HEM CYIIECTBYET N JIMHEHHO He3aBUCUMbIX BEKTOPOB, a Jirobbie n + 1
BEKTOPOB JINHEHO 3aBUCUMBL.

MzBecTHO, 4TO eciu B JIMHEHHOM MNpOCTpaHCTBE V CYIIECTBYET 1 JIM-
HEefHO HEe3aBUCHMBIX BEKTOPOB TaKUX, 4TO Jit0OO# BekTOp 3 V' spjsiercs ux
JIMHERHON KOMOMHAIMEH, TO MPOCTPAHCTBO V' SIBJISIETCS N-MEPHDBIM.
Omnpenenenue 1.1.3. CoBOKyNMHOCTh N JIMHEHHO HE3aBUCHMBIX BEKTOPOB
€1,€s,...,€e, N-MepPHOro NIPOCTPAHCTBa V Ha3bIBaeTca Oasucom 6 V.



Teopema 1.1.1. Jhoboii sexmop T U3 N-MepHO20 AUHETHO20 NPOCMPAH-
cmea V. Mmootchno npedcmasums, u npumom eQuHcmeentviM 00pa3om, 6 sude
AUHETHO0T KOMOUNAUUY 6eKMOPOB DA3UCE.

Onpenenenne 1.1.4. Eciu eq, es, ..., e, — 6a3uc n-MepHOro IPOCTPaAH-
crBa V u

Tr = 1161+ r9€9 + ...+ TH€,, TIE T1,X2,...,T, € P,
TO YUCTA T1,T3,... ,~T, HA3BIBAIOTCI K00pJuHAMAMU 6eKMOpa T 6 ba3uce
€1,€9,...,€,.

3BecTHO, 9TO NP CIOKEHUH BEKTOPOB COOTBETCTBYIONINE KOOPINHATHI
CKJIAJILIBAIOTCS, 8 IPH YMHOXKEHUN BEKTOpa Ha IUCJIO U3 Moyt P, ero Koop-
JUHATHI YMHOXKAIOTCST HA 9TO UUCIIO.
Omnpenesienue 1.1.5. Jluneitnoie npocrpancrsa V u V' Hajg oguuM u rem
»Ke 1ojeM P Ha3bIBalOTCs U30MOPPHLILMU, €CTN MEXKy BeKkTopamMu & € V
ux € V' MOXKHO yCTaAHOBUTDL B3aUMHO-OJHO3HAYHOE COOTBETCTBHUE TaK, UTO
eCJIM BEKTOPY & COOTBETCTBYET BEKTOD &', & BEKTOPY Y COOTBETCTBYET BEKTOP
y', TO

1) BeKTOpPY @ + Y COOTBETCTBYeT BeKTOp &' + Y';

2) BEKTOPY AT cOOTBETCTBYET BeKTOp A&’ jijist siroboro A € P.

zBecTHO, 9TO 064 AUHETHLLT NPOCMPAHCMEa U30MopdhHoL dpye dpyay
mozda U moavko mozda, k0206 uxr pasmeprocmu 0dunarosv. [losromy, He
MCKaXKasl aJredpamdecKuxX CBOMCTB, MOXKHO CUUTATL BEKTOPA B M-MEPHOM
IPOCTPAHCTBE BEKTOPAMHU-CTOIOIAMHI C 1 KOOPAUHATAME, KOTOPBIE CKJIAIbI-
BAIOTCsT MMPU CJIOYKEHWH BEKTOPOB M yMHOXKAIOTCsI Ha YUCI0 U3 1osst P npn
YMHOXKEHIH BEKTOPa, Ha 3TO UUCIIO.

[Tycth B n-mepHom npocrpancTBe V' 3ajiaHbl jgBa Dasuca,

€1,€e9,...,€, u fl,fg,...,fn.
PaSJIO}KI/IM K&)K,Hblﬁ BEKTOP BTOPOT'O 6a31/1(3a I[I0 BeKTOpaM IIepBOI'O 6a31/1(;a:

fi=cue+cpes+ ...+ cpen,
fo=co1e1 +cpes + ...+ copey,

fn = Cp1€1 + Cp2€3 + ...+ Cnn€n.



Matpurna

(CH C12 ... Cln\

O: Co1 C2 ... Cop

\Cnl Ch2 ... Cnn)

HA3bIBACTCS Mmampuuet nepexoda om ba3uca e€i,€s,...,€, K ba3ucy
.fla.an" . a.fn-

3BecTHO, UTO MaTpHUIIa IIepexo/ia OT OJIHOI0 6a3UCca K JIPYTOMY SBJISIETCsI
HEBBIPOXK ICHHOM.

[Tycts V' — nuneitHoe mpocTpancTBo HaJL osieM P. OTobparkeHnne JInHel-
HOT'O TTPOCTPAHCTBA B ce0sT HA3BIBAETCS NPEoOPA306AHUEM IMO20 NPOCTPAH-
cmea. Ecin A — npeobpazoBanne mpoctpancTsa V, To uepe3 Ax obo3Haua-
ercsi BeKTop u3 V', B KOTOPBIil oToOparkaercst BEKTOp € u3 V' 1oJ, jeiicTBuem
npeobpasoBanust A. Bekrop Ax naszniBaercs obpaszom sexmopa .
Omnpenenenne 1.1.6. IIpeodbpaszosanne A nuneitnoro mpocrpanctsa V' Ha-
3bIBAECTCS AUHEUHDIM, €CITU

1) Alx+y) = A+ Ay, Ve, y € V;

2) A(Adx) = Az, Ve e V u VA e P.

KaxxjoMy JuHEHOMY MIpPeoOpas3soBaHUI0 N-MEPHOIO JUHEHHOI'O IPo-
crpancTBa V' Haj nojsem P cTaBUTCS B COOTBETCTBHE ONpejeeHHast KBa-
JpaTHas MaTpHIlA MOPsAKa M C JeMeHTaMH U3 1ojs P, Ha3bBaeMas Ma-
TpUIleil 9Toro JuHeiHOro mpeobpasoBanusd. [y ee mocTpoeHus: BbIOEpEM B
npocrpancTe V' (ukcupoBaHHbIil 6a3uc eq, es, ..., e, u HaiijeMm obpas3bl
0a3MCHBIX BEKTOPOB IMpH JMHEeHHOM mpeobpasopannu A. Iloayumm BexkTopa
Aeq, Aes, ..., Ae, € V. PasioxuMm KaxkJiplii U3 HUX 110 JAHHOMY Oa3ucy:

Ae; = ajie; +apes+ ...+ a1p€n,
Aey = age; + axes + ...+ aze,,

Ae, = a,1e1 + ap€s + ...+ apn€n.

Omnpepesienne 1.1.7. Marpuna A, B koTopoit i-it cronber (i = 1,n) cocra-
BJISIIOT KOOPJMHATHI BeKTOpa Ae;, HazbIBaeTcst mampuuet Aunetinozo npeoo-
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pazosanus A 6 basuce eq, es, ... , €y:

(an a1 ... anl\

a12 A2 ... Ap2
(Aey, Aes, ..., Ae,) =

A

\aln azy ... ann)

3BecTHO, 9TO MEXK Iy BCEMU JIMHEHHBIMEU TPEoOPA30BAHUSIME ITPOCTPAH-
c¢TBa V ¥ BCeMU KBaJIpATHBIMU MATPUIIAMHE TTOPSIJIKA 1 C JIEMEHTaAMU U3 TTOJIST
P cymecTByer B3amMHO OJHO3HAYHOE COOTBETCTBHE, 3aBUCSIIEE OT BBHIOOPA
basuca.

ITycts eq,e9,...,e, u f1, fo,..., fn — JBa Ga3uca B n-MepHOM JINHEH-
HoMm mpocrpancrse V, C' — marpuna mepexojga or Oasuca €1, €s,...,€, K
6azucy fi, fo, ..., fn. Torna marpuna B nuHeitHOro npeobpa3oBanus B Oa-
suce fi, fo, ..., f, BoIpaxkaercss depe3 matpuily A 3Toro npeodbpa3oBaHus B
bazuce eq, e, ... , €, C IOMOIIbIO PABEHCTBA,

B=C"AC,
rie C~! — marpuna, obparnas k C, ciyKallias MaTpuIleil mepexojia or ba-
suca fi, fo, ..., fn K 0asucy e, eq, ..., e,.

Onpenenenne 1.1.8. Ksagparusie marpuiibl A u B 0JHOTO 1 TOTO XKe IM0-
PSIIKa Ha3bIBAIOTCST N0J0OHBIMU, €CIIA CYIIECTBYET TaKasi HEBBIPOXKICHHAS
marpuia C', 9To

B=C1AC

Takum oOpazoMm, mampuuyvt AuHetino20 npeobpasosanus A 6 passuuHvIT
bazucaxr ABAANMCA N0JOOHBLMIL.
Omnpenesierue 1.1.9. Bekrop @ # 0, jj151 KOTOPOTro

Ax = Az, (1.1.1)

HA3BIBACTCS COOCMBEHHbLM GEKMOPOM JIMHEHHOTO npeobpasoBanus A (niu
COOTBETCTBYIOIEH MATPHUIIBLI STOTO JUHEHHOro npeobpasoBatusi). CooTBeT-
CTBYIOIIEE YUCIIO A HA3BIBACTCS COOCMBEHHbIM 3HaueHuem (Tapaxmepucmu-
YECKUM YUCAOM ), COOTBETCTBYIOMIUM COOCTBEHHOMY BEKTODY .

Teopema 1.1.2. B xomnaexcrnom npocmpancmee V' scakoe aunetinoe npe-
obpazosanue A umeem xomsa 6wl 0dun cobcmeennvili 6EKMOP.

Hokasameavcmeso. Ilycts dukcuposan nekoropslit 6asuc, A — marpuna Jm-
HeHOro TpeobpasoBanns B 9ToM Oasuce. Pasencrso (1.1.1) sKBHBaJeHTHO
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BEKTOPHOMY PaBEHCTBY
(A= AE)xz =0, (1.1.2)
rie B/ — enuamunag Mmarpuna. s cyiiecTBoBaHMSA HEHYJIEBOIO PEIICHU

9TOI cUCTEMbI JIMHEHHBIX OJJTHOPOHBIX YPABHEHU HEOOXOUMO U JIOCTATOYHO,
4TOOBI €e OIpeIe/InTe/ b ObLI paBeH HYJIO:

ail — A a1 c. (07°%}
a2 ago — Ao an9
|A— \E| = — 0.
a]_n a2n .« . ann - A

3HaYUT, MHOI'OUJIEH, CTOSIIUI B JIEBOW YaCTH 9TOTO YpaBHEHUSsI, OOPAIAeTCs
B HyJib. [I0o ocHOBHOII Teopeme ajredpbl OH UMEeT XOTsS Obl OJIMH KOMILIEKC-
Hblit Kopenb. [logcraBum nafimennsii kopensb B cucremy (1.1.2). Ilomyuanmm
CUCTEMY OJIHOPOJIHBIX JIMHEUHBIX yPaBHEHUI, ONPeIe/INTe/Ib KOTOPO paBeH
Hystt0. ClieoBaTesIbHO, OHA UMeeT HEeHYJIeBOe peleHne & = (1, o, ... , Ty),
rJie T1, T2, ... , T, — KOOPJMHATHI & B BHIOpaHHOM Oasuce. st HalileHHBIX A
n & Boimosaeno (1.1.2), T.e. skBuBasenTHoe emy pasernctso (1.1.1). Cormacuo
onpeaesiernio 1.1.8 910 o3HaUaeT, 9T0 & — COOCTBEHHBI BEKTOD JIMHEHHOIO
npeobpasoBanns A. O

Onpenenenne 1.1.10. Muorowren |A — AE| n-ii cTenenn HasniBaeTcs wa-
PAKMEPUCTNULECKUM MHO20UAEHOM MaTpuIibl A a ypashenwe (1.1.2) — za-
PAKMEPUCTNUMECKUM YPAEHEHUEM.

Teopema 1.1.3. Ilodobnvie mampuuyv, obaadarom 00uHAKOSHLMU TaAPAKME-
PUCTNUYECKUMU  MHOROYNAEHAMUY, U, CAJOBAMEALHO, 00UHAKOBLLMYU COO-
CMBEHHBLMU 3HAYLEHUAML.

Hokaszameavecmeo. Ilycrs marpunsr A n B momgobubl, T.€.
B=CT1AC, rme |C|#0.
Torja xapakTepucTuiIecKuit MHOTOUJIEH MaTpuilbl B paBeH
B~ \E| = |C7'AC — \E| = |C7'AC — M\EC™C| =
= |C'AC — CT'\EC| = |C™H(A - AE)C| =
= |CI7'|[A - AE[|C] = |A - AE],

T.€. COBIAJIAET C XapaKTEePUCTUICCKUM MHOTOYJICHOM MATPUILT A. O



Bemomumast, 970 MaTpUIbI JJHHEHHOrO MIpeobpa3oBanns B Pa3HbIX Da3u-

cax MOJOOHBI, JEJIAeM BBIBOI: MAMPULbl AUHETH020 NPeodpa306aHus 6 pas3-
Holx basucax umerom odun u mom oce nabop cobcmeenuuir 3naverut. Bo
IEePBLIX, 3TO 0DOCHOBLIBAET KOPPEKTHOCTHL ONPEIeIeHUsI COOCTBEHHBIX BEK-
TOPOB ¥ COOCTBEHHBIX 3HAUYEHUI, BO BTOPbIX, MHOTOWIEH |A — AF| MOXHO
HA3BaThL HE TOJLKO XapPAKTEPUCTHIECKNM MHOTOUJIEHOM MAaTpHUILI A, HO H
XapPaKTEePUCTHIECKIM MHOIMOYJIEHOM JIMHEHHOro mpeobpasoBanust A B jaH-
HOM Oasmuce.
Onpenenenne 1.1.11. Habop coOCTBEHHBIX 3HAUEHWIT, KAXKJI0€ 13 KOTOPHIX
Oepercst ¢ KpaTHOCTHIO, KOTOPYIO OHO MMEET KaK KOPEHb XapaKTePUCTHIECKO-
ro ypaBHEHUS, HA3BIBACTCI CNEKmpoMm aunelinozo npeobpazosanus A (nmm
mampuv, A).

HacTo HeOOXOMMO 3HATE, MOXKET JI JTHHEHHOe Tpeobpa3oBanne A mMeTh
B HEKOTOPOM Dasmnce JraroHaJbHYI0 MaTPHILY.

Teopema 1.1.4. Jluneiinoe npeobpasosanue A sadaemca 6 basuce ey, s, . . .
duaz20masvroti mampuuet mozda u moavko moezda, kKo2da 6ce 6EKMOPA IM020
6a3uca ABAANOMCA CODCMBEHHVLMY BEKMOPaMU npeobpadosarus A.

Hokazameavemeo. JelicTBUTEHLHO, PABEHCTBO

Aei = /\iei
9KBUBAJIEHTHO TOMY, 9TO B -l ¢CTPOKe MaTpHIbl IpeodbpasoBanust A B 3TOM
Oasuce Bce 3JIEMEHTHI BHE TJIABHOI auaroHaju paBHbl 0, a Ha JuaroHaJn

CTOUT \;:
(w0 .. 0)

A= (Aey, Aey, ..., Ae,) = . ]

\o 0 ... /\n)

3BecTHO, 9TO COOCTBEHHBIE BEKTOPA JIMHEHHOTO Mpeodpa30BaHusi, COOT-
BETCTBYIOIIHE Pa3JIUIHbIM COOCTBEHHBIM 3HAUYCHHUSIM, HE3aBUCUMBL.

['oBopsar, uro auneitHoe npeobpazoBanne A AeACTBATENIHHOTO JTHHEHHO-
ro npocrpancTa (r.e. V' paccmarpuBaercst HaJ nojeM R edcTBUTEIbHBIX
TUCETT) uMeem npocmoti cnexmp, eCii BCe XapaKTePUCTUIeCKUe TUC/Ta, Jei-
CTBUTEJIbHBI U PA3JIMUIHBI. B 9TOM cilydae coOCTBEHHBIE BEKTOpa 00pa3yioT
6azuc u o Teopeme 1.1.4 moaydaem, UTo kastcdoe AuHelHOE NPeodbPa3osaHue
C NPOCMBIM CEKMPOM Modtcem Obmy 3adano duazonarvrol mampuyed (6
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basuce u3 cobemeennulr 6ekmopos). s MaTpuI 5TO YTBEPKICHUE PUHI-
MaeT CIeAYIONYo (hopMy.

Jobas mampuua, cobemeentvie 3haverus Komopot detcmseumenvvl u
PA3AUYHDL, NO0D0OHG UA2OHANOHOT MAMPUUE UM, KAK 2060PAM, NPUSOOUN-
cA K QUuazoHaNbHOMY 6UJY.

Tenepnb paccMOTPUM BOIIPOC O IPUBEICHUN MATPUIILI K HauOOIee MpoCcTo-
My Bujly B obiem ciydae. st 9Toro Ham HeoOXOJMMO BCIIOMHUTH MOHSATHE
YKOPJIAHOBOI HOPMaJIbHON (POPMBI MATPHIILI.

1.2. Kanonndeckuii BiJi MHOTOYJIEHHbIX MaTPHI],

Onpenenenne 1.2.1. KpagparTHas MaTpuia MOpsjaka 7, 3JEMEHTbl KOTO-
POii — MHOI'OUJICHBI OT MepeMeHHol A ¢ koadpduierTaMmu u3 mnojs P, Ha3bl-
BACTCA MHO20YAECHHOT MAMPUYet WA N-mMampuued.

[IprMepaMn MHOMOWIEHHBIX MATPHUIL MOI'YT CJIY’KUTh 1) XapaKTepucTy-
qeckast matpunia A — AF; 2) maTpura ¢ sjgeMeHTaMu u3 mosst P,

[Tycth nana A-marpura

(an()\) alg()\) aln()\)\

A()\)— agl()\) CLQQ()\) agn()\)

\at(A) @2(d) .. (V)

DaemenmaprvLmu npeobpaso6anuimy STOH MATPUILI HA3LIBAIOTCS TIPe-
00pa30BaAHUs CJACLYIOMKUX YEThIPEX THIOB:

1) ymuOXkeHue Jii060i crpokn Marpuibl A(A) Ha jwoboe uncio o € P,
a # 0;

2) ymHOXKeHue Jiioboro crosbdia MaTpuibl A(A) Ha Joboe dncio o € P,
a # 0;

3) npubapiienne K 000 i-it crpoke Marpuipl A(N) sr06oit ee j-it cTpo-
KU, ] # 1, YMHOXKEHHOU Ha JIroboi MHOTOWIEH () Ha morem P

4) npubapsenue K J000My i-My cTosbiy Marpuibl A(N) moboro ee j-ro
cronba, j # i, yMHOXKEHHOrO Ha Jiroboit MHorowsien ¢(A) Hag nosem P.
YrBepxkaenue 1.2.1. /laa 4100020 siemenmapnozo npeobpa3osams -
MAMPUYDL CYUWECMEYEm 0bpammoe npeodpasosanue, AGAAOULEECA INCMEH-
MapHvLMm.




Joxazamenvcmeso. JleiictBureibHO, 0OpaTHBIM JIJIsT TpeobpazoBanust 1) sB-
JIFeTCS STIeMEHTAPHOE TPeobpa3oBatie YMHOKEHNS TOil ¥Ke CTPOKH Ha o+ €
P, a7 # 0; nna 3) — snemenTaproe npeobpasoBanue TpUOABICHUS K i-ii
CTPOKE jJ-il CTPOKH, YMHOKEHHOI Ha MHOTOWIEH —@(A). AHATOTHIHBIE Mpe-
obpazoBaHmusi, HO MPUMEHsIEMbIE K CTOJIONAM, JIAI0T OOpaTHBIE dJIeMEHTAPHbIE
npeobpasoBanus K 2) u 4). O

Yreepxkaenne 1.2.2. B mampuye A(N) npu nomowsu komewnozo wucia
INEMEHMAPHBIT NPEOOPA30BAHUT, MOHCHO NEPECMABUMDL At0bblEe d6E CMPOKU
u A0bvie dsa cmoabua.

Hokasamenavcmeo. [lepecraHoBka i-it U j-it CTPOK MOXKET OBITH OCYIIECTBIIE
Ha C TOMOIIBIO YEeThIPEX 3JIEMEHTAPHBIX MPeobpasoBaHuii, MPUMEHsSEMbIX
TOJBKO K 9THM CTPOKAM I10 CJICIYIOIIEH cxeme:

7 1+ 1+ J ' '

— J — J — J — J . []

j j i i i
Omnpenenenne 1.2.2. Topopst, uro d-marpuibt A(A) u B(\) axeusasenm-
now 1 Aty T A(X) ~ B(), ecn ¢ TOMOTIBHIO0 KOHETHOTO IHCITa TEMEHTAPHBIX
npeobpazoBanunii MOXKHO Tiepeiiti or Marpuilpl A(A) K marpuie B(A).

YrBepxkaenue 1.2.3. Omuowenue ~ Mmencdy A-mMampuyamu AGAACMCA
OMHOULEHUEM IKEUBANEHIMHOCTIU,

Joxazamenvecmeo. 1. JlaHHOE OTHOIIECHHE B MHOXKECTBE A-MATPUL, pePack-
cueno: A(A) ~ A(N). Hrobbl B 9TOM yOEUTHCs, JOCTATOYHO, HAIPUMED,
IIEPBYIO CTPOKY MATPHUILI YMHOXKUTEL Ha 1 € P.

2. Do orHotenue cummempuyno: ecin A(X) ~ B(A), To B(X) ~ A(N).
HeiictBuTenbHo, B cuiy yrBepxKaeHus: 1.2.1 Jjisi KaxK10ro U3 dJIeMeHTaPHbIX
peodpa3oBaHuii CyIIECTBYeT oOpaTHOe, MpUUeM 3JIeMeHTapHOe Ipeodpaso-
BaHue. [ToaToMy, eciim ¢ MOMOIIBIO KOHEYHO IEMOYKM JIeMEHTAPHBIX pe-
obpazoBanuit MoxkHO nepeiitu o1 A(A) Kk B(A), TO TO ¢ TTOMOIIBIO KOHETHO
HEMOYKU 0O0PATHBIX 3JIEMEHTAPHBIX TPEo0Pa30BaHuil, BLITIOJIHEHHBIX B 00paT-
HOM TOpsijike, Mbl MoxKeM mepeiitn or B(A) k A(X).

3. Hakowrer, paccmarpuBaeMoe OTHOIIEHUE mpan3umueno: ecin A(A) ~
B(A),a B(A) ~ C(A), 10 A(A) ~ C(N). duist mocTpoeHusi KOHEYHOM 1EenouKn
3JeMEHTAPHBIX MpeobpasoBanuii, mpeobpazyionwx A(A) B C(A), gocrarod-
HO TOCJIEJ0BATEIHHO MPOBECTH KOHEYHOE UYMCIO JIEMEHTapHBIX Mpeobpaso-
Banuii, mepesogsumx A(A) B B(A), a 3aTeM KOHETHOE THCIIO JIEMEHTAPHBIX
npeobpaszosannii, nepesojsiix B(A) B C()). O
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CnencrBue 1.2.1. Bce keadpamuvie A-mampuuyor n-20 nopadka pacnada-
W0MCA HA HENEPECEKANOULUECA KAGCCHL IKGUBAACHMHBLT MeHcdy cobotll Mma-
mpu.

Hama menb — oTbIcKaHue Cpein BCeX A-MaTpHUIl, SKBUBAJEHTHBIX JAHHOM
A-marpuiie A(A), MaTPHIB 0 BO3MOXKHOCTH HauboJee TpocToro Bua. s
JIOCTHKEHUST STOM eI BBEIEM CJIEIYIONee
Onpenenenne 1.2.3. Kanonuveckol A-mampuuyetli Ha3bIBAETCST MHOIO-
qIeHHAs MATPUIA, 00JIaJaomast CIeAyONIMA TPeMsT CBOCTBAMMU:

a) 9Ta MaTpuIila JUAroHaJbHAs, T.e. UMEEeT B/

(61(/\) 0o ... 0 \

0 62()\) 0

L0 0 e

6) Kaxkplil MuOTOWICH €;(A), 1 = 2,7, HALEIO JEJUTCA Ha MHOTOUJICH
e;—1(A\) (camraercs, ITO ecaM MHOTOWIEH HYJIEBO{ CTEMEHN PaBEH HYJIIO, TO
OH JIGJIUTCsI HA, MHOTOUJIEH, DABHBIN HYJIIO);

B) crapmmii KoadGunmenT kaxaoro Muorousnena e;(\), ¢ = 1,n, pasen
eIMHUIE, €CJU TOJLKO 3TOT MHOTOWIECH He PABEH TOXKJICCTBEHHO HYJIIO.

Eciu cpenn e;(\) Berpedarorest HyJieBbie, T0 B CHIy 6) OHH 3aHUMAOT
MOCJIeTHIE MeCTa Ha TJIaBHOU jauaronasu. Ecau e cpeau e;(A) Bcrpeuatorcs
OTJIMYHbIE OT HYJIsi MHOTOYWJIEHBI HYJIEBOI CTENEeHH, TO B CHJIY B) OHU DABHBI
1, a B cuity 6) OHM 3aHUMAIOT Ha [VIABHOI JIMATOHAJIN MEPBBIE MECTA.

K KaHOHMYECKMM MaTpUIaM NPUHAJJIEKAT, B 9ACTHOCTH, HEKOTOPHIE UH-
CJIOBBIE MATPHUILI, B TOM YHUC/IEe eAUMHAYHAS U HYyJIeBasl.

I3 xypca auHeiHoil agrebpbl 1 "eOMETPUH U3BECTHA, CIICLYION[Asd TeOpe-
Ma, CYHIECTBOBAHNS M €JINHCTBEHHOCTH JJIsl JAHHON MHOTOUJICHHONR MaTPUIbI
KAHOHUYIECKOH A\-MaTpPHUILL.

Teopema 1.2.1. JNobas A-mampuua 2K8uUBAALEHMHA HEKOMOPOT U NPUMOM
eduncmeennotl kKanonuueckot A-mampuye (m.e. npugodumcs ¢ noMOULbIO
KOHEUHO20 YUCAA INEMENMAPHOLT NPEobPa308anutl ¥ KaHOHUYECKoMY 6udy).

Jlokasamennvcmeo 30 TeopeMbl BLIHOCUTCS B IIPUJIOKenue 1.

[Tycts A(X) — mobast A-maTpura nopsijika n u mycTh st Beex 1 < k < n
di(N\) — naubosbimii o6mmii peauresns (HO/) Beex MurOpoB k-ro nopsijika,
B3ATBII cO cTapiiuM KoddduiumenTom 1.




HorosopumMcsi cautarh, 910 di(A) = 0, ecium Bce MUHODPBI k-TO TOPSi/I-
ka pashbl 0. CieoBaresibio, Marpuna A(\) OIHO3HATHO OmpeesiseT Habop
MHOTOUJIEHOB

B, ), - d().
[Ipu sTOM, OYEBUIHO, ITO
d1(A\) = HOJI Bcex smementoB A(\) co crapmum koaddunuentom 1,
A\
. AW

crapimit koadduuent muorounena |A(N)|

Jlemma 1.2.1. Mnozounenw dp(N), 1 <k < n, mne menaomes npu
BUNOAHEHUY IAEMEHMAPHbLT npeobpasosanud nad mampuyetd A(N).
JokazareabcTBo JeMMbl 1.2.1 BBIHOCUTCA B TpuJioyKeHue 1.
CnencrBue 1.2.1. Bcem A-mampuuyam, 2K6UBAACHMHBIM MAMPULE
A(X), coomsememesyem odun u mom sice nabop muozousernos di(X), da(X),
B npuioxkenun g0Ka3bIBaeTCs, 9TO
dr(A) = er(N)e2(A) ... ex(N), k=1,n,
v uto ecan Marpuia A(A) umeer panr r, To
ex(N) = 4 () g k<r  (nomaraem dy(A) = 1);
di—1(N)

eri1(A) = ... =¢e,(A) = 0.

Muorowiens! ep(A) HA3BIBAIOTCS MHBAPUAHTHBIMU MHOXKUTEJISMU
A-marpuipl A(A). Oun, kak v di(\), He MEHSIFOTCsI DY SJ€MEHTaAPHBIX MPe-
o0pa30BaHUsIX.

Takum 06pazoM, IMOJYUAETCS CISAYIONINI AA20PUMM GUYUCAEHUA UHGA-
PUAGHIMHOLT MHOHCUMEAET:

1-1i wae. Berancnsgem

di1(A) = HOJ Bcex asnemenros A(N) co crapimm koaddummentom 1,

o A0
" crapimii koadduruent muorounena |A(N)|
2-1i wae. [Tonaraem
B ()
A) =di (A A) = +(A) = coep1(N) ==
61( ) 1( )7 62( ) dl(A)’ ) 6( ) dr—l(A) €+1( )

riae v — panr marpuibl A(N).

10
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IIpumep 1.2.1. Heobxoammo mNpuBecTH K KAHOHUYECKOMY BHJY A-
MaTPHILY

3 P
A(\) = A0 — A 2)

A2 +5) 3)

1-1 cnocob.
[TociietoBareibHO TPUMEHSIST SJIEeMeHTapHbIE TPeoOpa30BaHNs, IPUBEIEM
JAHHYI0 MATPHUIly K KAHOHUIECKOMY BUIY:

2 1 10
A ~ A2 — )\ 5/\2 N 5/\3—3/\2—/\0 N %/\3—%/\2—/\0 N
A 450 A A2+ 5\ A 0 A
N A2 — 1002 —-3) 0 N A 0
0 A 0 A\ —10)\2 — 3\
2-1 cnocoo.

Crauasa maiigem di(\):
di(N) = HOI (A3 — X, 202, A2 4 5X,3)) = \;

dy(N) = [AN)| = A* — 1003 — 3)%;

B CUJIy TOI'O, UTO CTapPIIKil KOadPpUIMeHT 3TOro MHOrodIeHa yKe paeH 1.
llckomMble MHBapUAHTHBIC MHOXKUTEN PABHBI

da( A
a() =d() =X )= djg /\3 B CRTICIPY
[TosTomy
0 es(N) 0 A3 —10A2 — 3\

11



Onpenenenne 1.2.4. DjaeMeHTaAPHBIMA MATPUIAMM Ha3bIBAIOTCS
MHOT'OYJIEHHBIE MATPHUIIBI OJHOTO U3 CIACAYIONINX JIBYX TUIIOB:

[ \

12



(31eCh POU3BOJIBHBIN 3ieMeHT o € P, a # 0, crouT Ha nmepecedeHuu i-if
CTPOKH U i-TO cTOJONa, i = 1,n);

\ o

\ S

(311eCh TTPOMBBOJIBHBINH MHOTOUIEH () Hal noseMm P crouT Ha mepecedeHun
i-il CTPOKHM U j-ro cTonbna 4,5 = 1,n).

BaMeTuM, ITO OmpeeuTe b MaTpuilbl (1) — anciao a # 0, a onpeesu-
Tesh MaTpuilpl (2) pasen 1.

Jlemma 1.2.2. Bunoanenue 6 A-mampuuye A(N) a06020 snemernmap-
1020 NPeobpa306anUA PABHOCUALHO YMHOHCEHUIO IMOT MAMPUYDL CACEA U
CNPABA HA HEKOTNOPYIO IACMEHMAPHYIO MAMPUL]Y.

HJokaszarTeanbcTso. JIerko nposepsiercs, 14To

1) ymuoxenne A(A) creBa na mMarpuiy (1) SKBHBAJEHTHO YMHOXKEHHIO
i-it ctpoku A(A) Ha wmcno o;

2) ymuoxkenne A(A) cnpasa va Marpuily (1) 95KBUBAJEHTHO yMHOKEHHUIO
i-ro cronbna A(A) Ha wnciao a;

3) ymuoxkenne A(A) ciera Ha Marpuily (2) 9KBUBAJIEHTHO TPUOABICHUIO
K -ii cTpoke Marpuilbl A(\) j-it CTPOKM, yMHOXKEHHON Ha MHOTOWIEH @(\);

4) ymuoxkenue A(N) cnpaBa Ha mMarpuily (2) 9KBMBAJEHTHO NpuOaBJIe-
HUIO K j-My crosomy marputibl A(A) 4-ro cTosbia, yMHOKEHHOTO Ha, MHOTO-
aeH o(A).

13



1.3. MaTrpu4iHable MHOTO4IeHbl. CBSA3b MOM00MS YMCIOBBIX MATPHUIL
C 3KBHUBAJIEHTHOCTBHIO UX XapPaKTE€PUCTUIECKUX MATPUIL

Ha nonsitrie A-MaTpuIlbl MOXKHO MOCMOTPETH ¢ HECKOJILKO HHOH CTOPOHBI.

Onpenenenne 1.3.1. MaTpudHbIM A-MHOTOYJIEHOM TOPSAKA 7
HaJ mojieM P Ha3bIBaeTcss MHOIOWIEH OT IepeMeHHo#i A\, KoaddunuentaMmu
KOTOPOTO SIBJISTIOTCSI KBaJIPATHBIE MaTPHUIBI TOPsiJIKa N HaJ[ mojeM P:

AN+ AN+ 4+ A\ + A

[Tonb3ysich onpeesenneM CI0KeHs MATPUIL U YMHOKEHIS MATPUIIBI Ha
YUCI0 W MPOU3BOJISA YKa3aHHbIE JIEHCTBUS, MOJIYINM HEKOTOPYIO A-MaTpPUILY
nopsizika n. Takum 00pa3oM, 410007 MampuyHbl MHO204AEH N-20 NOPAIKA
MONHCHO 3anucambsv 6 sude A-mampuuv, n-20 nopadka. ObpaTHO, A000.4 -

MAMPUYG N-20 NOPAJKA ModHCemM ObiMb 3aNUCAHG 68 6Uude MAMPULHO20 -
MHO20uAeHa N-20 nopadka. Hampumep,

2 _
BV =5 A1) _[00) .,

AH2) =3 10 00 00 2 0 0

[Tycth nana A-marpurna

AN + AN A+ A,
rae Ay — HeHyJeBas MaTpuna. Uucjio m Ha3BIBAETCS CTEIEHBI0O MATPUY-
Horo MuorouwseHa A()\). OueBuHO, M COBIAJAET ¢ HAMBBICIIEH CTENEHBIO
MHOTOUJIEHOB — 37ieMeHTOB MaTpuiibl A(\). HazoBem MaTpudHblii MHOTOWICH
A(\) peryasipHbIM, eCii ONpeJieuTes b MaTpuiibl Ay,
| Ao| # 0.

Bsrysn Ha A-MaTpHIbI KaK Ha MAaTPUUHBIE MHOTOWICHBI IO3BOJISET Pas-
BUBATL TEOPUIO JICJIMMOCTH, aHAJOTMYHYIO TEOPUM JICJIMMOCTHU JIJIsT MHOTO-
YJICHOB, HO YCJIOXKHAEMYIO HEKOMMYTATHBHOCTLIO YMHOMKEHMST MATPUIL ¥ Ha-
JMYUEM JeJIUTeNeil HyJIs.

PaccMoTpuM  OCHOBHBIE JI€HCTBUsI HaJ MATPUUYHLIMU MHOTOUJICHAMI.
[Tycrs A(A), B(A) — MarpudHble MHOIOUYJIEHBI OJIHOTO ¥ TOTO YK€ MODsiJi-
ka. Obo3HauMM Yepes m HarOOJIBIIYIO U3 CTeIeHeH 3TUX MHOTOUJIEHOB. DTH
MHOIOUJIEHBI MOYKHO 3allUCATh B BUJIE

AN) = Ap\™ + AN A A+ A,
B(A) = BoA™ + B\ 4 . 4+ B A+ A,

Torma
AN)EB(N) = (AgEBo) \"+(A1£B)N" 4. 4+ (A 1B 1) M (An£B,,),

14



T.6. CYMMa (Pasznocmsv) 08YT MAMPUIHOLL MHOZOYUALHOE 00HO20 U 020 JHCE
NOPAOKA ABAACTNCA MHOZOUACHOM, CMENEHL KOTMOPO20 HE NPEGOCTOOUIM, HAl-
boavwetds uz cmeneneti dannur MHO20UALHOG.

[Tycts mambt 1Ba MaTpudaabix Muoroutera A(A) u B(A) creneneit m u p
OJIHOTO M TOTO YK€ MOPsIJIKa, 1

AN) = AN+ AN 4 A+ A, (A #£0),
BA)=BN +B N4 +B,  A+B, (By#0).

Torna

AN)B(X) = AgBoAN™P + (AgBy + A1 Bo)N™ P~ + .+ A, B,.
Eciut 661 Mbt ymuOKuIAM B(A) Ha A(A), To nosyauian 6bi, BoobIe roBoOps,
JAPYyroii MHOTOYJIEH.

YMHOXKEHNEe MaTPUUHBIX MHOIOUJIEHOB ODJIalaeT ele OJHUM cremnudu-
JEeCKUM CBOHCTBOM. B oT/IMume OT CKaJsIpHBIX MHOIOUJIEHOB MPOU3BEICHUE
MOYKeT UMETh CTeleHb, MeHbInyio m + p. HeiicrBurennno, AygBy Moxer pas-
aaTbes 0 mpu Ag # 0, By # 0. Eciin XoTs1 ObI 0/1HA 13 MATPHIL HEBBIPOK ICH-
wast, o u3 Ay # 0, By # 0 crenyer, aro AgBy # 0. Urax, npoussedenue
dBYT MAMPUYHDIT MHO20UAEHOE DPABHO MHOZ0UAEHY, CTMENEHL KOMOPO2O HE
nPesocrodum cymmuv, cmenenet commootcumeneti. Ecau xomasa 6ve 0dun us co-
MHOHCUMENET, — PEYAAPHBIT MHO20UAEH, MO CTENEHD NPOU3EEIEHUA PAEH
CYMME CMENENET COMHONCUMENET.

PaccmoTpum  Termeph  onepanuio JeseHdsl MaTPUIHBIX MHOIOUYJIEHOB.
[Iycts mamnr mBa mMarpudaabix Muorowstena A(A) u B(A) oxmoro m Toro xe
nopsijika, npudeM B(A) — peryJisipHbiii MHOIOUJIEH:

AN) = AN+ AN 4 A+ A, (A #£0),
B(A) = BN +B N4 ...+ B, A+B, (|Bo] #0).

Onpenesierne 1.3.2. [oopsr, uro mMarpudrble MHOrOWIEHb Q(A)
R()\) sIBASIIOTCST COOTBETCTBEHHO MPABBIM YACTHBIM 1 IIPABBIM OCTATKOM
npu neqennn A(A) na B(A), ecan

A(AN) = Q(N)B(A) + R(\) u crenenn R(A) < crenens B(\).
Marpuumsie Muorowtens Q(A) u R(\) HABBLIBAIOTCS COOTBETCTBEHHO JIEBBIM
YACTHBIM 1 JIEBBIM OCTaTKOM Iipu jesiennn A(A) va B()\), ecoin

A(X) = B(A)Q(N) + R(\) u crenens R(\) < crenens B()).
OrMmernM, 9To Npu MpaBoM Jesiernn Ha jeauresb B(A) qacrroe Q(A) ymHO-
JKaeTcsi Ha HEro ClpaBa, Oph JIeBOM — ciieBa. Boobme rosopst, Q(A) #

QM), R # R(\).
15



JlemMma 1.3.1. Kax npasoe, max u 1e60e desenue MampuiaHbly MHO20-
UAEHOE 00H020 U 020 dHce NOPAJKa 6¢e2da SLNONHUMO U 0OHO3HAUHO, ECAU
desumens — pe2ysapHuLTl MHO20UACH.

HJoxaszaTenancTs o. [IpuBenem mokazareabCTBO JJIA IIPABOTO
JeJIeHUsT; JIOKa3aTeIbCTBO JIJIsT JIEBOIO JieJieHust anajorndnoe. Ecim m < p,
10 MOkHO ONOKUTH Q(A) = 0, R(A) = A(A). B caygae m > p ana waxo-
KaeHust qactHoro Q(A) n ocrarka R(A) npuMeHnM 0ObITHYIO CXeMY JIeJIeH s
MHOTOUJIeHa Ha MHorodwieH. "Pasnemum" crapmmuii wien geaumoro AgA™ Ha
crapimii ajaeH jpeaurens BoAP. [Togyaum crapiiuit 4jieH uCKOMOro 4acTHOrO
AgBy ' AP YMHOKIM 3TOT ujlen cripasa Ha aenuteas B(A) u momyudentoe
npoussesenue serateM u3 A(N). Haitnem "nepseiii ocrarox" AM()):

AN) = AgBy A PB(A) + AD(N). (1.3.1)
Crenens m Y muorowrena AM(\) mennme m:
AOQ) =AW 4 (AW 20, mD < m) (1.3.2)

(ecin AD(X) = 0, To nomaraem Q(N\) = AgBy'A™?,  R(\) = 0).

Ecir m) > p, to, nosropsist sTOT IpOIece, oIy 4aeM

AN = AV BN PB(X) + AQ(N), (1.3.3)
AP () = AéQ))\m@) +... (m® < mW)
v T.]I,.
Tax xax cremenn muorowrenos A(X), AM(N), AP (N), ... y6wmaor,

TO Ha HEKOTOPOM 3Tale MpujeM K octatky R(\), cTenenb KOTOPOro MeHbIIe
p. N3 (1.3.1)-(1.3.3) crepyer, aro

A(N) = AoBy 'V PB(A) + AVBI A PB(A) + ...+ R(N),
T.€.

AQA) = QB + R(N),

rie Q(\) = AOBO_I)\m_p + ASI)BO_I)\m(l)_p + .... BosmoxknocTh mmpasoro Je-
Jerns nokasana. JlokaykeM ero ogHo3HAaIHOCTD. [lyeTh oHOBpEMEHHO
AN =Q(N)B(A) + R(N), (1.3.4)
AN) = Q" (N)B(N) + R*(\), (1.3.5)
rie crenenn R(A) u R*(A\) menbie crenern B(A), T.e. p. Berauras (1.3.5) us
(1.3.4), moyanm

Q) - Q" W] BO) = R*() - R(). (1.3.6)

Ecmn 661 Q(A) — Q*(A\) He aABAsIIOCH OBl TOXKIECTBEHHBIM HYJIEM, TO, TO-
ckoibky |By| # 0, o crenenb Jiepoit yactu (1.3.6) paBHsiiach Ob cymme
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creneneit Q(A) — Q*(A) u B(A), n moromy 6puta 061 He Menbite p. C apyroii

croponbl, crenedb R*(A) — R(A) crporo menbiie p. [Iporusopeune. 3uatur,
Q(A) = Q*(N). Ho rorga uz (1.3.6) cuenyer, uro R*(A) = R(\).

OcHoBHas TeopeMa O IIOJOOUM MATPWII,.

Mampuuwve A v B ¢ aaemernmamu usd noss P nodobrv mozda u moan-
ko moezda, koeda uxr xapaxmepucmuueckue mampuuvt A — AE u B — \E
IKGUBANECHIMHDL.

JokazarejbCTBO 3TOI TeOpeMbl BLIHOCUTC B npujioxkenue 2. [Ipu srom
OyJeT MOoKa3aHOo, UTO HEBBLIPOXKJICHHAs MaTpuila, Tpancdopmupyoomas A B
B, 1.e. Takasi, 1aro

B =R 'AR.

MOKeT OBIThL Haiijena ciaemyonmMm obpazoMm. Ecim A — AE ~ B — AE, 1o
A — AE KOHEUYHBIM UHCIOM 3JI€MEHTAapPHLIX IPeoOpPa30BaHUil TEPEBOJIUTCS B
B—\E. Bepewm Te n3 sTux npeodbpaszoBanuii, KOTOpbIe OTHOCATCS K CTOJIOIAM,
1 IIPOU3BEICHIE COOTBETCTBYIONINX 3JIEMEHTAPHBIX MATPHUIL, B3SITHIX B TOM K€
nopsijike, obozuadum depes V(N). Heaum V(A) cnpasa na B — AE. Ocrarok
OT 3TOTO JiejieHus 1 OyeT marpuieit R.

YKazaHHOE JeJIeHe MOYKHO W HE BBITTOJIHSATE, 8 BOCIOJIb30BATHCS CIIEIY-
IONIel JIeMMOIA.

Jlemma 1.3.2. IIycmo

V) =V + N VA +V,, Wy #0.
Ecau

V(A) =QW\N)(AE - B)+ R,

R=V,B*+ViB* '+ .. . +V,..B+ V..

JlokazaTeabCTBO BHIHOCUTCS B NMPUJIOXKEHKE 2.
IIpumep 1.5.1. JlaHBI MaTPUIIBI

A — -2 1 | B_ —10 —4
0 3 26 11
s maTpuinr A
Ap= |27 1 , dy(\) =HOH(-2—-X, 1, 0, 3—)) =1,
0 3—A
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da(N) = = A2-A—6, e(A\)=di(A) =1, es(N) = = A?2—)\—6.

[Tosromy Kanonmueckuit Bua marpunsl A — AE ectb

1 0
0 NX>=)\—6
st marpuisl B numeem
—-10—-X -4

B —)\E = , di(\) =1, da(A) = A2 =\ —6,

26 11— A

T.e. B—AFE nmeer takoit ke kanoandecknit Buj, aro u A — AE. 1o ocroBHOIf
Teopeme o nogodun marpui, A w B nomobubl. st Haxox geHust mpeodbpasy-
forieit MaTpuibl R HajigeM KaKyro-HUOYIb IEMOYKY 3JIeMEeHTapHBIX Mpeodpa-
3oBanuit, mepesonamnx A — AE B B — \E:

PNV P N S N T W B B SR e I

0 3—A —16 — 8\ 11—\ —16 — 8\ 11—\

O R S I s (P S N I

—104 11—\ 26 11— X

K cronbmamM oTHOCATCS TOJBHKO JiBa MOCAETHUX TPEe00Pa30BaHMS:
1) K mepBomy cToJbILy TpUGABIIsIETCsT BTOPOif, YMHOXKEHHBIH Ha —8, deMy co-
OTBETCTBYET YMHOXKECHUE Ha JJEeMEHTAPHYIO MATPUILY

18



2) mepBbIi CTOMGEI yMHOXKACTCST HA —i, YeMy COOTBETCTBYET YMHOXKEHUE Ha
3JIEMEHTAPHYIO MATPUILY

1
-1
0 1
[TosTomy
1 1
V() = 1 0 1 0 _ 1 0
-8 1 0 1 2 1

Cuestyer orMeTnTh, 9TO MaTpuiia, Tpancdhopmvupyiomas A B B, onpegenser-
cs HeomgHO3HAaUHO. JJIsT paccMOTpPEHHOro MpuMepa B KadecTBe TPaHC(MOPME-
pyoleit MaTpuIilbl MOXKHO B3STh TaKxKe MaTPUILy

31

2 1

1.4. 2ZKopaaHoBa HOpMaJibHast (pOpMa MATPHUIIHI

PaCCMOTpI/IM KBa/JIpaTHBIE MaTPHUIbLI ITOPAAKa 71 C dJIEMEHTaMM N3 I10JIfA

P.
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Onpenenenne 1.4.1. 2Kop1aHOBOIiI KJIETKOI HMOpAAKa k, OTHOCS-
meiicsa K 9uciay Ao, Ha3bIBaeTCA MaTpuiia mopsanka k, k = 1,n, Buaa

(o 1 \

Ao 1

(1.4.1)

Hanpumep, marpuiibi

()‘0)7 ’ 0 /\0 1

\0 0 X

SABJIAIOTCS »KOP/IAHOBBIMHU KJIETKAMU MOPSAIKOB 1, 2, 3 COOTBETCTBEHHO.
Onpenenenne 1.4.2. 2KopmanoBoii maTpurieii mOopsiIka N Ha3bi-
BaeTCs MaTPHUIla TOPSAIKA 1 BUIA,

( )

Ji

J = ' , (1.4.2)

\ 7

e Jy, Jo, ..., Js — KOP/JAHOBBI KJIETKH.
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3aMeTuM, UTO MOPSIAKU KJIETOK MOT'YT KaK COBIAJaTh, TAK U HE COBIIA-
JaThb, YACJa, K KOTOPBIM OTHOCATCA KJICTKU, TaKXKe MOTYT COBHaJaTh U HE
coBnajarh. fAcuo, uro 1 < s < n.

Huazonanrvrvie MaMPUUDBL ACAANOMCA YACMHOM CAYUAEM HCOPOGHOBHLT
Mamput,. Y HAX BCe XKOPJAHOBBI KJIETKU MIEPBOI'O MOPSIIKA.

Haiinem KaHoHMYECKU B, JAJIs1 XapaKTEPUCTUIECCKON MATPHIILI

(o a1 \

A — A1

(1.4.3)

1

\ Xo— 2/

OJIHO# »KOPJIAHOBOI KJIETKN (1.4.1) nopsijka k. Onpegesuress 9TOi MaTPUITHI
paser (A9 — A)F = (=1)¥(\ — Xg)*. Tax xax crapmmii koacdbbunpnent y di())
paser 1, o d,(\) = (A — \g)*. Cpemm muropos (k — 1)-ro mopsKa nMeeTcs
paBHbIit 1 (HOJIy‘{aIOH_H/IﬁCH BBIUEPKUBAHUEM TIEPBOI'O CTOJIOIA U TOC/E IHE
crpok). [Tostomy di_1(A) = 1, vHo Torma di(N) = ... = dp_o(A) = 1. Creno-
BATEJIbHO, KAHOHUYECKUM BUJIOM Jijisi Marpuiipl (1.4.3) ciry:kut cieyrormast
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A-MaTpuia k-ro mopsiika:

() )

(1.4.4)

\ (= 2)/

Teopema 1.4.1. /[se orcopdarosvr mampuyvt nodobHv, mozada u moAbKo
mozda, k0204 0HU COCMOAM U3 0OHUT U MET HCE HCOPIAHOBVLT KACTNOK, M.€.
OMAUNGIOMCA, DBIMD MOACEM, NUUD PACTLONONACEHUEM IMUT KAEMOK 600N
2446101 JUa20HAN.

JokazarenbCTBO BBIHOCUTCS B MPUIOXKEHHIE 3.

CaencrBue 1.4.1. 2Kopdanosa mampuua, nodobras duazonarvroti ma-
mpuue, cama duazonarvha. lee duazonarvrovie mampuiyo. nodobrv, mozda u
moAvko mozda, k0204 OHU NoAYuaOMca dpye u3 dpyea Nepecmanoskoti Y-
cen, CMOAWUT Ha 2A06H0T JUG2OHANU.

OcHoBHag TeopeMa O IIPUBEJECHNN MATPUIILI K >KOPIaHOBOI
HOpPMAaJIbHOI (popMe.

Mampuua A ¢ saemenmamu usd noasa P mozda u moavko mozda npueo-
dumces 6 noae P orcopdanosoti nopmasvoti gopme (m.e. nodobma scopda-
no6ot mampuue), Kozda ece cobemeennvie 3navenus mampuiv, A aeorcam 6
noae P.

IIpuBoauMocTh MaTpuIsl A K »KOpJaHOBO# HOpMaJILHO# dopMme B HO-
Jge P o3nauaer, 4To BCe 3JIeMEeHThI TPAHC(MOPMUPYIOIIEH MaTPHUIIHI COIEePIKAT-
cg B mone P. JlokazaTeabcTBO OCHOBHOM TEOpEMbI BLIHOCUTCA B NMPHUJIOXKEHHE
3.

B crity 3aMKHYTOCTH T10J1sT KOMIJIEKCHBIX THCEJT OTCIO/a HEMEJIJIEHHO BbI-
TEKaeT

CnencrBue 1.4.2. Beaxas mampuiua ¢ KOMNAECKCHBMU IAEMEHMAMU
npusodumcs 6 nose komnaekcuur vucen C x ocopdarnosoti nopmarvrot pop-
Me.
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B npunoxkenun 3 Takxke JOKa3LIBAETCS

Teopema 1.4.2 (HeoOxoguMoOe M JIOCTATOYHOE YCJIOBUE MMPUBO-
JMMOCTH MATPUIBI K AUAroHaJdbHOMY Bumy). Mampuya A nopadka n
¢ anemenmamu u3 nosd P npusodumcea x duazonasvromy eudy mozda u
MoAbKO M020a, k0206 6Ce KOPHU NOCACOHE20 UHBAPUAHMHO20 MHOACUMEANA
en(N) ee xapaxmepucmuyeckoli mampuyse aescam 6 noae , npuvem cpeou
IMUT KOPHET HEM KPAMHDBLL.

B npunoxennu 3 000CHOBBIBAETCs CJIETY O

AnroputMm npuBeaeHUsT MATPUIBI K YKOPJAaHOBON HOPMAaJIbHOI
dopme.

1. Haxogum cobcTBeHHbBIE 3HAYEHWST MATPUIIBI A W MPOBEPsieM, 9TO OHU
npuHajaex)ar moao P. Eciu 970 He Tak, TO JejiaeM BBIBOJ O TOM, UTO Ma-
Tpunia A He MOXKeT ObITH MpuBeeHa B mosie P K »KOPJaHOBO# HOpMAaJIbHOI
dbopwme. Ecau coberBennble 3navennst marpunbl A npunagiexar momo P, o
nepexojuM K MyHKTY 2.

2. ObosnauuMm uepe3 Ai, Ag, ..., \; — BCE pa3jgUUHbIe COOCTBEHHbBIEC 3HA~
genusi marpuiibl A. Haxogum maBapruanTHbIE MHOMKUTEIN XapaKTePUCTHIe-
CKOil MmaTpunnl A — AE:

Ll .o 1 engr1(A)y oo en1(A), en(N),
e ep—g+1(A) # 1, ... ,en(A) # 1. B npmiokenun J0Ka3bIBAETCsA, 9TO CPEN
9TUX MHOTOYJICHOB HET PABHBLIX HYJIIO U BCE OHM PA3JIaraloTcs Ha JIMHelHble
muoxkurean. CyMMa creneHeil BceX MHOTOUJICHOB paBHA 1. PasjioXuM 3Tu

MHOT'O4YJIEHbI Ha, JINHEHHbIE MHOXKUTEJIN:
t

ki _ ki oy, . -
en—jr1(A) = [JA=2)% = A=A)M (A=) . (A=X)M,  j=T7q.
i=1

DJIeMEeHTAPHbIMU JeJINTEJIAMUA MHOTOYIEHOB €, ji1(\), j =
1, g, Ha3LIBAIOTCS OTJIMYHBIC OT 1 CTEeneHw pa3/IMYHBbIX JIMHEAHBIX JIBYYJIe-
HOB, BXOJANIUX B IOCJICIHEE PA3JIOKCHAE. DJIEMEHTAPHBIMU JIeJINTeJIsI-
MU MaTPHUIbl A Ha3bIBAIOTCS 3JIEMEHTAPHBIC JCJNTEIN BCEX MHOIOYJICHOB
en_q+1(A), s e sy en(A).

BommucsiBarorest dJIECMEHTapPHbIE NEJINTEJIN MaTPHUIbI AB BUJIE Ta,6JII/I]_UaI

A= 2)M (A= X)F2 (= )R
A= 2x)" (A= A)F2 o (A= )R
()\ —\ )km, ()\ )\l)ktz, : ()\ _ )\l)ktqt
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Cocrapisercs »KopjaHoBa Marpuiia J MOpsKa 7, COCTOSINAs 13 YKOp-
JIAHOBBIX KJIETOK, IO CJIEIYIONIEMY IPaBUIIY:
Kasicdomy saemenmapromy deasumento (X — \;)¥i conocmasasemes scopda-
noea waemxa nopadka k;j, omnocawasca x wucay ;. Hoayuwennaa mampuya
J u ecmv uckomas mampuua, m.e. mampuua A nodoona mampuue J.
IIpumep 1.4.1. Haiimem >kopaHOBY HOpMAaJbHYIO (DOPMY MATPHUIILI

(3—40 2\
4 =5 =2 4

0 3 =2

o 0 2 -1

CocrapjseM XapaKTepUCTUIECKOe ypaBHEHUE

3—A -4 0 2

4 —-5-X =2 4

A —\E| = =(A+1)*A=1)?%=0,

0 0 2 —1-2A

otkyma A\ = —1, A =1, dy(A) = (A + 1)}(X — 1)%. Tak xak nmeercst
MUHOP 3-TO TOPSIIKA

4 —5—-)\ =2
0 3—A
0 0 3-i"*% =0,
0 2
0 0 2
10 d3(\) = 1. Anamornuno, da(N\) = di(A) = 1. [Tosromy
dy(N) 2 2 d3())
) = = (A1) (A—1 A) = =1 A) =¢e1(N) = 1.
64( ) dg(A) ( + ) ( ) ) 63( ) dg(A) ) 62( ) 61( )

DjieMeHTAPHBIE JIETUTEH €4(A), SBIISTFOIINECS JIEMEHTAPHBIMU JICJTUTEIISIMU
marputpl A, pasubl (A + 1)2 u (A — 1)%. [Toatomy nckoMast KopaHoBa HOP-

24



MaJibHas (popma MaTpuilbl A mmeer BUI

(—1 1 0 0\

0 -1 00

0 0 11

\0 0 0 1/

I'maBa 2. IIpucoenuHenHasi maTpuiia. MuHUMaJJIbHBIIT MHOTOYJIEH
(HeoOsI3aTe IbHBIIT MaTepuaJI).

2.1. O6o6miennaga teopema besy. Teopema 'amuibToHa- Kaam.
IIpucoenuuennasa marpurna.

ManI/I‘{HbIﬁ MHOT'OYJIEH N-T'0 MMOPsAJKa MOXKHO 3allMCaTb JBOAKO:

AN) = AA™ + AN+ A (2.1.1)

AN = A" A0 + A" TA L 4 Ay (2.1.1)

Obe 3ammcu NP CKAJIAPHOM aprymMeHTe A JaioT OJWH U TOT K€ DPe3yJib-
tar. OJHAKO €CJIM MBI 3aXOTHM BMECTO CKAJISPHOTO apryMeHTa A IOJCTa-
BUTH KBaJPATHYIO MATPUILYy N-TO MOPsiaKa A, TO PE3yIbTaThl MOJCTAHOBOK B
(2.1.1) u (2.1.1") 6ymyT, BOOOIIE TOBOPSI, PA3JIUYHBI, TAK KAK CTEIICHH MATPH-
bl A MOryT OLITH HEe MepecTAHOBOYHLIMU ¢ MATPUUYHLIMUA KO3(hDDUIIEeHTAMY
Ao, A1, ..., Ay, Tlonoxum

A(N) = ApA™ + AN L+ A,
AA) = A"Ag+ A" TA 4+ .+ Ay,

u Oysem nasbiBaTh A(A) mpaBeim, a A(A) JeBbIM 3HAYEHNEM MaTPUY-
HOro MHoOrowieHa A(\) mpu mojcraHoBKe MaTpuIpl A BMeCTO A.
PaccMoTpuM iBa MATPUUIHBIX MHOIOUJIEHA

m p
AN =) ApiN, B(A) =) B, N
1=0 k=0

N UX IMPpOu3BEAECHNE

m P m P m+p
PO) =33 A N By X =303 Ay By N = (N A By )N
i=0 k=0 i=0 k=0 J=0  it+k=j

(2.1.2)
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m P m P m+p
PA) =YY NAu NBy =) > N4, B, =) N Y Ap By
i=0 k=0 i=0 k=0 J=0  itk=j

(2.1.2))
[Ipeobpazosanust B (2.1.2) cupaBeyiuBbl Ipu 3aMeHe A Ha marpuily A, ecin
A mepecranoBouHa co BceMu MaTpuuHbIME Kodbdunuentamu B)_j. Anaso-
ruano, B (2.1.2") A MmoxkHO 3amenuTs Ha A, eciim A mepecTaHOBOUHA CO BCEMU
koadppunumentamu A,, ;. B mepBom ciyuae
P(A) = A(NB(N),

BO BTOPOM

P(A) = A(A)B(A)
Uraxk,
1) npasoe 3nauenue npoussedenus J6Yr MAMPUIHHLE MHOZOUACHOE DAG-
HO  Mpoudsedenul0 NPaBuLIT 3HAYEHUT coMHoNdCuMenet, ecal MAMPULQ-
apeymenm A nepecmanosouna co ecemu K0aPHuUUUEHMAMU NPABO20 COMHO-
ACUMENA;
2) Jlesoe snauenue npouzsedenus 08YT MAMPUUHOLT MHOZOUAEHOE PAGHO
NPOUIBEIEHUIO NEBVLT 3HAYEHUTT COMHONCUMENET, ECAU MAMPULL-AP2YMEHT
A nepecmanosouna co scemu KoIPPHuUUENMAMU NEB020 COMHONCUMENA.
PaccMoTpuM mpOW3BOMBLHBIN MATPUUIHbBIH MHOTOUJIEH 1-TO MOPSIKA

FQA) = FA"+ BAX" '+ ..+ F, (Fy#0).
Pazgenum ero na bmrnom A\E — A crnpasa u ciesa:
FA)=Q\W\E—A)+R, F(\)=AE—-A)QN\ + L.

Tak kak A mnepecranoBouHa co Bcemu kKoddbuunmentamu OuHoMa (AE —
A) (FA = AFE = A, AA = A), 10 npagoe u Jjesoe 3navdenust F(A) u
F(A) pasibl

F(A)=Q(A)(A—A)+R=R, F(A) =(A-A)Q(A)+R=R.
Hamu nokaszana

Oo6obmiennas Tteopema Besy. Ilpu npasom desenuu mampuyunozo
mrozounena F(XN) na bunom AE— A ocmamox om deaenus pasen F(A). [pu
A€BOM denenut, Mampuunozo mnozousena F(N) na ounom AE — A ocmamox
om deaenus pasen F(A).

CaenctBue 2.1.1. Mnozounen F(X) deaumca 6e3 ocmamea cnpasa na

ounom AE — A moeda u moavko moeda, xoeda F(A) = 0. Mnozousen F(N)
deaumes bes ocmamxa caesa na bunom NE — A mozda u moavko mozda,

roeda F(A) = 0.
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IIpumep 2.1.1. Tlycrs A — kBajpartHas Marpuia u f(A) — MHOroOUIeH.
Torma F(A) = f(A)E—f(A) nemures (cpaa u cieBa) Ha AE— A, MOCKOTBbKY
F(A)=F(A)=0.

PaccmoTrpum xapakTepucTuIecKyo MaTpuiy AE — A MaTpuIsl n-ro mo-
psanka A. Onpegenurens XapakKTepUCTHIECKOH MaTPHUILHI

n
AN = AE = Al = [Mik — airlij—
ABJIAETCA CKaJIAPDHBIM MHOT'OYJIEHOM OT A ¥ Ha3bIBACTCS XapaKTepucrm4e-

CKUM MHOTOYJIeHOM MaTpuilbl A (HaM y700HO B 9TO¥ ¥ CJIEIYIONUX TJIaBax

B onpejenennsx 3amennth A — AF wa AE — A). Bnech
4

1,
dike = <

ecin 1 = k,
— cumBosl Kponekepa.

\0, eciu © # k

Omnpeneserne 2.1.1. Marpuna B(A) = (bix(X))!e_q, tae bix(A) — am-
reOpandecKoe JIONOMHEHNe 3JIeMeHTa A0y — ak; B onpezfeﬂHTeﬂe A()), Hazbl-
BaeTCsI MPUCOEINHEHHON MATPUIIEH JJsT MATPUIIBLl A.

IIpumep 2.1.2. [Inst Mmarpuiibl

air a2
A=

a1 Q22
XapaKTEePUCTUIECKasd MATPUILA €CTh

)\E_A: A_a’].]. —ai2 :
—an A — a22

xapaxrepucrnideckuit Mmporousnen — A(N) = |AE — A| = A2 — (a1 + a)\ —
a12G91 + a11a22, & IpUCOEINHEHHAs MATPUIlA PABHA

B(A) . A — as2 ai2
a A —a
Eciiit asiemenTb nipricoeuHeHHoil MaTpuilpl pasaeauts Ha A(A), To mo-

JYIUTCS MaTpuIia, obparnas Kk AE — A. Urak, % — MaTpuiia, odparHas K
AE — A, Te.

(AE — A) = (\E — A) = E,
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OTKY/1a

(\E — A)B(\) = BI\)(AE — A) = A\ E. (2.1.3)

Bce Tpu 1acTu 9T0r0 paBeHCTBA — MaTPUYHBIE MHOTOYJIEHBI OT MEPEMEHHO
A. U3 (2.1.3) Bumno, uto A(N)E memurcs wa AE — A cieBa u crmpasa 6e3
ocratka. [lo ciejcruio 2.1.1 u3 006001IeHHON TeopeMbl Be3y 3T0 BO3MOXKHO
Torya u Tobko Toraa, korma A(A)E = A(A) = 0. Hamu nokaszama
Teopema I'amuabrona-Kamu. Beakas xeadpammas mampuuya A ydo-
BAEMBOPALM, CEOEMY TAPAKMEPUCTIUNECKOMY YPABHEHUIO, M.C.

A(A) = 0.
IIpumep 2.1.5. [Insa maTpuiibl
A= L0 MeeM A(/\):/\_1 0 = A2 -3\ +2,

1 2 -1 A=2
[I03TOMY JEUCTBUTEJILHO

A(A) = A2 —3A+2F = S I s B I R )

3 4 -3 —6 0 2 00

[Tycts A1, Ao, ... , A\, — Bce coDCTBEHHBIE 3HAYUEHUST MaTPHUIlbl A, T.e. Bce
KOPHH XapaKTepucTudIeckoro Muorowrena A(N) (Kaxkoe u3 qnuces \; moBTO-
psIeTCsT B 9TOM DSy CTOJBKO pa3, KAKOBa €ro KPpaTHOCTh KakK KOPHST MHOTO-

waiena A(N)). Torna
AN =AE—Al=A=M)A =) ... (A= \).
[Iycth mam mpousBObHBIA cKajastpHbIii MHOTOWIeH ¢(u). Haiimem cob-

crBeHHble 3HadeHust Marpuiipl g(A). st sroro pasnoxkum g(p) Ha JuHeiHbIe
MHOYKHUTEJIH:

9(k) = ao(p — pa)(p — p2) - - (1 — ).
[TopcTaBuM B 06e 9aCTH 3TOTO PABEHCTBA BMECTO i MATPHILYy A:
g(A) =ap(A — i E)(A— F)...(A— wE).
Torpa onpesenurens Marpuiisl g(A) Gyner pasen
9(A)] = A — mE||A — B | A — | =
= ag(—1)"|mE — A|(=1)"[pE = Al ... (=1)"|mE — A| =

= af(—1)"A(u) Ap2) . .. A() = af(—1)" H Api) =
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S

= (—=1)"ag H H(M — i) = ag H H()‘k — pi) =
1=1 k=1 1=1 k=1

n

l n
— Hao H(Ak — i) = Hg()\k) = g(A1)g(A2) .- g(An).

3aMEeHUB B 9TOM PaBEHCTBE MHOTOWICH ¢(4) Ha MHOTOWIEH A — g(1) oT me-
PEeMEHHO#t L, Tjie A — HEKOTOPbI MapamMeTp, Haijgem

AE = g(A)] = [A = g(AM)IA = g(A2)]. .. [A = g(Xn)].

OTcrofa BbITEKAET CJIe/LyIOoIast

Teopema 2.1.1. Ecau A, Ag, ... , A\, — 6ce cobemeennvie 3navernus (c
yuemom kpammocmeti) mampuuve A, a g(p) — nexomopuit ckasApHoLl MHO-
zounen, mo g(A1), g(Aa), ..., g9(An) — 6ce cobemeennvie 3navenua Mamputb
g(A).

B uacrrocTu, eciim A nmeer cOOCTBEHHBIE 3HAYEHUS A1, Ag, ..., Ay, TO
marpuma AP mveer cobersenmnie smavenma MY, A5 0 N (B =0,1,...).

Boieiem opmyity, BeIparKaloly o nprcoeuHeHnyo Marpuity B(A) de-
pe3 xapakrepucrudeckuii muorouwsen A(A). [lycrs

AN =X —p X" —poX2— L — .
Pasnocts A(A) — A(u) nemmres 6e3 ocrarka Ha A — w. [Tosromy
AN = Aw)

o) == = XU (= pO) N T 4 (B = i = p2) AT 4

SIBJISIETCSI MHOT'OUJIEHOM OTHOCHTEJLHO A ¥ OTHOCUTEJIHHO L.
Tox 1ecTBO

AA) = Ap) = 6(A, ) (A — )

He HApYIIUTCS, €CIM B HEr0 BMECTO A W j4 MOJICTABUTH MEPECTAHOBOUYHBIC
Mex Iy coboit marpuisl AF n A. Torma, mockoabky mo Teopeme [amuiabrona-
Kesnmn A(A) =0, o
ANE =5§AE,A)(AE - A).

Ho u3 (2.1.3) caenyer, ato A(AN)E = B(A)(AE — A). B cuny omnosnad-
HOCTHU OTIEPAINN JICJICHUST W3 TTOCJEHUX JIBYX PABEHCTB BBITEKACT MCKOMAasi
dopmyna

B(A) =40(AE,A). (2.1.4)

[Tycrs A\g — cobersennoe 3nadenue Marpuibl A, T.e. A(Ng) = 0. [Mox-
craBisst A = g B (2.1.3), nomyuum

(ME — A)B(\g) = 0. (2.1.5)
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Homycrum, aro B(Ag) # 0, u obozHaunm depes X Jiio00ii HeHyIeBOi cTosOerT
sroit marpuisl. Torma u3 (2.1.5)

(AoE — A)X =0
nan Ax = A\gX, T.e. X — COOCTBEHHBIN BEKTOP MATPUIIHI A, COOTBETCTBY IOt
COOCTBEHHOMY 3HAUEHMIO A\g. VITak, HAMU JOKa3aHa

Teopema 2.1.2. Ecau xosppuruenmol xapaxmepucmuteckozo MHoz0-
YNCHA U3BECTNHDL, O NPUCOCOUHEHHAA MATPULA MONHCEM ODIMB HATIdEHa 1O

dopmyne

A(A) — A(p)
A—p
Ecau Ny — cobemeennoe snauenue mampuuyvt A, mo HEHYAEBBIE CMOAOUDL
mampuyv, B(Ng) aeamomesn cobemeennvmu eexmopamu mampuyov, A, co-
0MBEMCMBYUUMYU COOCMEEHHOMY 3HAMEHUIO N,
IIpumep 2.1.4. Ilycro
(

B(\) =30(\E, A), ede () =

2 -1 1
A=10 1 1
\—1 1 1

XapakTepucTuaeckuit MHOTOUIeH MaTpuilbl A paBen
AN =DAE—-Al=AX—=12*A=2) =X —4X2 +5) —2.
[TosTomy

AN = A(p) A3 —4X2 45\ — pd +4p® — 5p
) = A = AG) _
A— 1 A—

/\3_ 3 /\2_ 2
=L Ty T s Ny E— AN ) +5 =
A— A— 1
= A2+ (p— N+ p® — 4+ 5.
CnenoBaresbHO,

B(\) =8(AE,A) = N’E + M\(A — 4E) + A* — 4A 4+ 5E,
T.e.
()\2—2)\ —A+2 A—2

BA=1 1 x_3x12 r_2

\-A+1  A—1  A2—3x+2
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CobcrBennomy 3uadeHno A\ = 1 coorBeTcTBYyeT cobcTBenHbIi BekTop (1,1,0),
yTo jaeT nepsbiit cronben mpu A = 1. CoOCTBEHHOMY 3HAUYEHHUIO Ay = 2
coorsercrByer coberertbiii Bekrop (0,1,1), uro maer Bropoii crosber npu

A =2

2.2. MuanumaabHbIil MHOTOWIEeH MaTpullbl. [IpuBegerHast
IIPpUCOeNHEHHAA MaTPUIIA.

Omnpenenenne 2.2.1. Cransipabiii Muorouser f(\) Has3biBaeTCsi AHHY-
JIMPYIOIIAM MHOTOYJIEHOM KBaJpaTHO! MaTpuibl A, ecin

f(A)=0.

Omnpenenenne 2.2.2. Annyiupyrommii MHOrowieH () HanMmenbIedi
CTEIeHH CO CTAPIIAM KO3(DMUIMEHTOM, PaBHBIM 1, HA3LIBACTCST MUHIMAJIb-
HBIM MHOTOYJIEHOM MaTpuiibl A.

JTas 210001 Mampuyb, aHHYAUPYOULUT MHo20MAEH cywecmeyem. [leii-
CTBUTEJILHO, COIJIaCHO Teopeme [amuibToHa-Keymnm XapaKTepHCTUUECKUit
mHorowieH A(N) marpuipl A siBJISIeTCst AHHYJIMPYOIIUM JIJIst 9TONH MATPHUIIbI.
Opnnako, Kak OyieT BUJIHO, OH, BOODIIIE TOBOPSI, HE SIBJISIETCS MUHUMAJILHBIM.

Pazjemum nponsBOILHBIN AHHYJIMPYIOMIWI MHOTOWIEH Ha MUHUMAJIh-
HBIA:

FA) =9v(AN)g(A) +r(N), crenenb r(A) < crenenb 1p(N).
[TopcraBum cioga MaTpuily A BMECTO CKAJSPHOTO apryMeHTa, A:

f(A) =¢(A)q(A) +r(A4).
Tak kak f(A) u ¥(\) — annyaupytorme muorouensl, To f(A) =0, ¥(A) =
0, cieposarensio, r(A) = 0. Ho crenens r(\) Membiie cTenenn MUHIMATHHO-
ro MHOTOWIEHA, T.¢. r(A) = 0 (B TPOTUBHOM CJTytae CyIIecTBOBAJ Obl AHHYJTH-
pytotuii MHOrousIeH r(\), CTeneHb KOTOPOro MeHbIIe CTerneHn MUHUMAIBHOTO
MHOTOJICHA).

Urak, 106010 annysupyrouwut MHO20MAEH MAMPUUDLL deaumcs 0e3
0CTNAMEKL HA €€ MUHUMANHBIT MHO2OYAEN.

Teneps HeTpyJHO yOEJUTHCS B TOM, YTO MUHUMAALHOLT MHO204AEH
eduncmeennud. JeficrBurensno, ecin () u 1(A) — JIBa MHHIMAIHHBIX
MHOTOUJIEHA, TO OHM JIeJISITCS JIPYT Ha JIpyra, a TaK KakK y HUX CTApIInil KO-
s dunmenT papen 1, ToO OHU COBITAIAIOT.

CymiecTBoBafyue U eJUHCTBEHHOCTh MUHUMAJLHOIO MHOIOYJIEHA yCTa-
HaBJINBAIOT KOPPEKTHOCTH onpeenenns 2.2.2.

Tak Kak coorBeTcTBYyIOMKe MUHOPELI MaTpul, A—AFE u AE — A moryT ot-
JIMYATHCSA TOJIBLKO 3HAKOM, TO onpejienennbie panee di(N), k = 1,n, MoxHO
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OIIpeneJINThb KaK

dir(N\) = HOJL Bcex MuHOpOB k-ro mopsijika XapakTepuCTHIecKoii Marpuibl AE — A,

B3THIN cO crapiiuM koddduimrerntom 1.

B uacruocru, d,,—1(\) coBmagaer ¢ HAKOOIBITNM OOIITUM JETUTESIEM BCEX 16~
MEHTOB NpucoequHeHHoil Marpurpbl B(A), B3daTbiM co crapimm Koadhduim-
enToM 1.

BriBesiem (hopMysTy, CBSI3BIBAIOIIYIO MUHUMAJLHBIA U XapaKTepUCTHUe-
CKMiT MHOIO4JIeHbI. BhiHOCS HAMOOBINMI OOIIUI JIeIuTe/ b SJIEMEHTOB ITPHU-
COEJINHEHHON MaTpHUIIbI 38 3HAK MATPHUIIBI, OJIYIUM

B(X) = du_1(N)C(N), (2.2.1)
riae C(A\) — HekoTopasi MHOIOUJIEHHAST MATPHUIIA, KOTOPast HA3bIBAETCS TPH-

BeJIEHHOW mpucoeauHeHHO# Marpuneit jia marpuisl A. U3 (2.1.3) u
(2.2.1) maxommm

ANE = (AE — A)C(N)d,—1(N). (2.2.2)
Orcrona crepyer, uro A(X) genmres 6e3 ocrarka Ha dp,—1(\), T.e.
A(N)
— (N, 2.2.3
20— v 2:23)
rie ¥(A) — Hekoroperit Mmuorousien. Torya uz (2.2.2)
YA E = (AE — A)C(N). (2.2.4)

Tak kax (\)E meaures 6e3 ocratka Ha AE — A, T0o 110 coresicTBuio u3 0606-
mennoit reopembl Besy (A)E = ¢(A) = 0. Urak, muorouren ¥ (A), onpe-
nessieMblii papeHcTBOM (2.2.3), siysiercst aHuyupyommm it A. JTokaxkewm,
9TO OH SABJISIETCS. MUHUMAJILHBIM.

[Tycrs *(A) — munumasbabiii Mmaorounen A. Torma ¥(A) gemaurest 6e3
ocraTka Ha *(\):

P(A) = (A)x(A). (2.2.5)

[Tockonbky 1*(A) = 0, To 10 caencrBrio U3 06obIEHHON Teopembl Besy
MaTpuIHBI MHOTOWTEH ¥*(A)E menntcs cieBa 6e3 octarka Ha AE — A:

Y (ANE = (AE — A)C*(N).
SHAYUT,

YNE = (AE — A)C*(N)x(N). (2.2.6)

N3 (2.2.4) u (2.2.6) Bugno, aro C'(A) u C*(A)x(\) siBisitorcst JeBbIMU dacT-
HpiMu pu jesennn (A E na AE — A. B cunty opHO3HATHOCTH [Ie/IeHIS

CA) = C*(A)x(A).
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Orcroma cremyer, 910 X(\) — 0OmWil JgeIUTENb BCEX JEMEHTOB TPUBEICH-
Hoit mpucoeuuentoit Mmarpuisl C'(A). Ho Haubosbwit ob1mit geuresb Beex
snemenToB C'(A) paBen 1, HOCKOIbKY 9Ta Marpuiia Obiia noaydena u3 B(A)
BBIHECEHUEM U3 Hee HaubOJBIIEro OOIIero JIEeJUTENs ee MIeMeHTOB d,—1 ().
Buaunt, x(A) ecrb KoHcranta. Tak Kak crapime kodhdunuenrsr y () u
Y¥*(A) pasunt 1, To B (2.2.5) x(A) = 1, me. (X)) = ¥*(A), uTo u TpeboBaIOCH
JIOKa3aTh.

Urak, muozouaen Y(N), onpedeasemorti dpopmyaot (2.2.3), asasemca
MUHUMAALHOM MHO2OYUACHOM MAMPULDLL A.

MBI ycTaHOBIIIN CIIE LY IONLY IO (DOPMYJLY JJIsT MUHUMAJILHOTO MHOTOYJICHA:

v = df_(l?)A)'
Benomunm, aro d,(A) = A(X), Te.
dn(A)

P(A) = m = en(A).

Taknum 00pasoM, MUHUMAALHYIT MHO2OAEH Mampuysl A cosnadaem ¢ no-
CACOHUM UHBAPUGHMHOM MHodHCumenrem e,(N) xapaxmepucmuveckot ma-
mpuuvt AE — A.

Brisesem dbopMyity, BRIPasKAIOILY IO TPUBEICHHYIO TPUCOCANHEHHYIO Ma-
TPUILYy Yepe3 MUHUMATbHBIN MHOTOWIeH. Tak Kak () — ¥ (u) memmresa ma
A — pu 6e3 ocraTka, TO

Pp(A) — ¢(n)
\II(/\7 :u) - \—
SIBJISIETCS. MHOrO4jIeHoM. 'Toraa 1mojcraB/isis B COOTHOIICHUE
P(A) = ¥(p) = (A = )T, )
BMECTO A ¥ p coorBeTcTBeHHO AE n A, mogyanm
YA E =¢(AE) = (AE — A)VU(AE, A).
CpasuuBas ¢ (2.2.4), 3aKkI09aeM, 9T0
C(\) =TY(\E,A).

D10 1 ecTh UCKOMast (pOpMYyJIa JIJIst ONlpeIeIeH s IPUBEICHHON TPUCOeMHEH-

HOIl MaTpPUIbI Yepe3 MUHUMAJIbLHLI MHOT'OYJICH.
Banumem (2.2.4) B Bujie

(\E — A)C(N) = »(V\)E. (2.2.7)
[IpupaBuuBast onpejgenuteau obenx dacreit (2.2.7), moxyanm:

ANICN] = [pN)]™
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Takum obpazom, A(N) mesmurest 6e3 octatka Ha () (aHHyIUpYIONMT MHO-

TOTJICH JICJIATCS Ha, MEHUMAJBHBI), & HEKOTOpas cTeneHb ¢(A) meanrtes Ha

A(X). TToaromy COBOKYITHOCTh BCEX PA3IMIHBIX KOPHEH y MHOrOUIeHOB A ()

u () onHa u Ta xke. UTak, KopHamu Munumaiviozo muozouiena () cay-

glcam 6ce pazaudmvle meacdy cobotli cobemeeniole 3HaeHUA Mampuys A.
Ecau

A=A =2)"(A=A)"™ ... (A=A)™ (M # X npu i # j),
TO
PA) = A =A)" A=) ... (A= Ay)™ 1me 0<my <ng. (2.2.8)
Ormernm erie ogro nosesnoe coiicrBo marpuibl C(N). Tlycrs Ay —
coberBennoe 3uadenne Marpuinbl A. Torma ¢¥(Ag) = 0 u cormacuo (2.2.7)

(ME —A)C(N\) = 0.
Bamerum, aro Beerga C(Ag) # 0. eiictBurenbro, ecin Ob1 9T0 OBLIO HE TaK,
TO BCE 3JIEMEHThI PUBEIeHHON NPUCOeJINHEHHON MaTPUILLI JIeJIUIUCH Obl Ha
A — A, YTO HEBO3MOXKHO.
[Tycrs x — nenysenoii croaber; C(Ag). Torma
(AoE — A)X = 0,
r.e. Ax = A\ox. Urak, o060t nenyaesoti cmoabey mampuyw, C(Xo) (a ma-
K0T 6ce20a cyu,ecmeyem,) A6AACCA COOCMBEHHM GEKMOPOM MAMPULb, A,

COOMBEMCMBYOUWUM COOCTNEBEHHOMY 3HAYEHUIO N(.
I'maBa 3. @yHKIIUU OT MATPUIIBI.

3.1. Onpenenenne (pyHKIIUU MATPUIIHI.

[Tycts A = (a;x) — kBagparHas maTpurna nopsiika n, f(A) — dbyakius
CKaJIAPHOrO apryMmenta . Mbl XOTHM ONpeseauTh, 9TO CJIeJLyeT MOHUMATh
oy, f(A), T.e. pacuputh f(\) Ha MaTpUUIHBIE 3HAUEHUST apTyMEHTA.

Iist ipocreitiiero ciydas, korga f(A) = coAP + e NP1+ .. 4 ¢, — mHO-
rOYJIeH, pelleHne 3TOH 3aJa9M HAM M3BECTHO, UMEHHO, CJICAYET TOJCTABATD
BMECTO A Marpuily A:

f(A) = AP + ) AP+ e E
1 COBEPIINTH YKa3aHHBIE B 3TOI hOpMyJie AEHCTBUS ¢ MaTPUIIAMHA.
[Tyctn
PA) = A =A)™M A=) .. (A= A)™ — (3.1.1)
MUHUMAJIBHBINH MHOrOWIeH Mmarpuiibl A (31ech Ap, Ag, ..., Ay — Bce pas-
JMaHbe cobCTBeHHBbIe 3HadeHus: Marpuibl A). Crenednb 5T0ro MHOroUYJIeHA
m = ; mip < n.

k=1
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[Tycts muorowtensr g(A) u h(A) TAKOBBI, ITO
g(A) = h(A). (3.1.2)
Torma d(A\) = g(A\) — h(\) — ammyaupyromuii muorowren (Beap d(A) = 0),
3HAYNUT OH jlesuTest Ha () 6e3 ocraTka:

g(A) = h(X\)(mod ¥(N)). (3.1.3)
OueBnIHO, 9TO TOT/IA
d(A) = (A= Xp)™hi(N),
rie hi(A) — HekoTopeiit MEOTOUIEH. [losToMy
dAe) =0, d(\) =0, ..., d"™ () =0, k=135,
T.C.
ge) = h(A), g Ae) =B (), oy g™ V() =A™ (), k=T
(3.1.4)

Omnpenenenne 3.1.1. 3navenusimu Gyskiun f()\) Ha crekTpe
MaTPUITbI A Ha3LIBAIOTCS 1M YHCEJT

FOw), F'Ow)y ooy f7 U0, k=T1)s. (3.1.5)

COBOKYIHOCTb STHUX 3HAYEHWH CHMBOJUYECKH OyJeM o0O3HAa4YaTh depes
f(A4). Ecoin jyist yuximm f () cyiiecrByoT Bee pOU3BOHbIE, BXOJSIIIE B
(3.1.5), To Oyzem roBoputh, uro pyHKIMs f(A) OmpejiesieHa Ha CIEeKTpe
MaTpUIbl A.

Papencrso (3.1.4) mokasbiBaeT, 4TO €C/IM JiJIsi MHOIOUYJIEHOB BBIOJHEHO
(3.1.2), TO 9TH MHOTOYIEHBI UMEIOT OJIHY U T€ YK€ 3HAUCHHs Ha CIIEKTPE Ma-
tpunibl A. B cumBosmueckoit 3amcn

g(Aa) = h(Aa).

Hammum paccyxenus oOpaTuMbl: ecyi BoITOMHEHO (3.1.4), T.e. MHOrOUJIEHBI
g u h coBNaaloT Ha crekTpe MaTpuilbl A, To s Kaxgoro k = 1,5 d())
nenurest Ha (A — Ag)™ u, suaant, d(A) geaurest va P(A), a Tak Kak () —
anmynupyonmit Mmaorodien, T.e. Y(A) = 0, To u d(A) = 0, T.e. BHLITOTHEHO
(3.1.2). Takum obpazom, sHnauenus mnozousena g(A) na cnexkmpe mampuiol
A noanocmuio onpedeasrom mampuuyy g(A), T.e. Bce MEOrOWIEHB! (), TpH-
HUMAIOIIAE OJHK U T€ Ke 3HAUCHMs Ha CIIEKTPE MATPHUIbI A, MMEIOT OHO 1
TO YKe MaTpuaHoe 3Hauenue g(A).

[Torpebyem, arobbl onpejenenne f(A) B obiem ciydae MOAIMHSAIOCH
TOMY »Ke pUHIUIY: 3nauenus f(X) na cnexkmpe mampuuyve A doasicno, noa-
nocmwto onpedeaamo f(A), m.e. sce dynwyuu f(N), umerowue odnu u me
orce 3navenus Ha cnekmpe mampuuv, A, doascnve umemsv 00no u Mo oice
mampuunoe 3navenue f(A). Kpome toro, obmee onpepenenne as f(A) B
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YaCTHOM CIydae, Koria f(A) — MHOTOUWIEH, JOIKHO JIABATH TOT Ke Pe3yJlb-
TAT, YTO W HEIOCPEJCTBEHHAS ITOJCTAHOBKA B MHOTOYJICH BMECTO A MATPUILLI
A. Ho rorpa, ouesuino, aro jis onpenenenust f(A) B obiiem ciydae gocra-
TOYHO HAWUTHU TaKOl MHOTOUYJICH g(/\), KOTOPBIIl IPUHUMAJI ObI T€ YKe 3HATCHUS
Ha crekrpe Marpuibl A, aro u f(\), 1 MOI0KUTH

F(A) = g(A).
ATU pacCyKACHNUs MOKA3BIBAIOT €CTECTBEHHOCTD CJICAYIOMIErO OMpPECTICHI
(DYHKIMKM OT MATPHIILL.

Omnpenenenne 3.1.2. Eciv dynkuus f(\) onpejesiena Ha criekTpe Ma-

TpuBl A, TO IO ONIpeIeNeHnIo

f(A) = g(A),
rae g(A) — aoboit MHOrOUJIEeH, NPUHUMAIOIINI Ha crieKTpe Marpuipl A e
ke 3Hadenust, 9o u f(\):

f(Aa) = g(Aa).

YrBepxkaenue 3.1.1. Cpedu scex MHO20UAEHOB ¢ KOMNAEKCHBLMU KO-
apuruenmam, NPUHULMAIOUWUT Me dice 3Havenua na cnexkmpe, wmo u f (),
umeemca eduncmseennoll mrozouaen T(N) cmenenu, mernvuet m.

HJoxasarTeanbcTBo CymecTBoBaHUe. [Tozke MbI
MOCTPOWM MHOTI'OYJIEH, MPUHUMAIOIINN Te »Ke 3HAaYeHWs Ha CIeKTpe, 9TO |
f(A). Buauut, takue MHOrOUIEHDI cymecTBYIOT. [Iycts P(A) — moboii Takoii
MHOTOYJIeH. Pa3gesimM ero ¢ octaTkoM Ha MUHUMAJILHBIE MHOTOYJICH (3.1.1):

PA) =¢Y(M)RA) +Q(N), cremenp Q(N) < m.
Tak Kak Jyd Bcex k =1, s

"90()\1:) = 07 W()\k) = 07 ) w(mk_l)()‘k) = 0)

TO

P(A) = Q(A), P'(k) = Q'(Ar), .., P V() = QU V(\y),

1.e. Q(A) npunumaer Ha crnektpe A Te xke 3Havdenus, aro P(A), a, 3HauuT, u
f(A). IIpn arom crenens Q(A) < m.

Enuwncrsenuocts [lyers r1(N) n r9(A\) — mBa muOrowiena
CTeneHu, MeHbIIei, YeM m, TPUHUMAIOIINE Te JKe 3HAUEHHs Ha CIIEKTPe, ITO
f(A). Torma p(A) = ri(A) —re(A) — MHOTOWIEH, CTENEHN, MEHbIIIEH, TeM m,
NPUHUMATOIINI Ha CIIEKTPe 3HAUCHUE HYJIb:

<;O(Ak) =0, (P,(Ak) =0, ..., cAp(mk_l)(/\k) =0, k= B

mg
)

Ho toria ¢(A) neamrest vatesno Ha (A — Ag) k =1, s, a, 3HauuT, geauTcs
nareno u Ha (). Ho MHOrouIeH crenenu, MeHbIeil m, MOXKeT JIeUThCs
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HAIEJI0 Ha MHOIOYJIEH CTEHEeHU 1 TOJBKO TOTJA, KOIJIa OH TOXKJIECTBEHHO
pagen 0, T.e. (A) = 0, orryma m1(A) = r2(A).

Nrak, cpeam BCeX MHOrOYICHOB, IPUHUMAIOMMX Ha CHeKTpe A Te xe
sHadenusi, 9To u f(\), WMeeTcs emMHCTBEHHBI MHOrOWIeH 7(\) CTemneHn,
MEHBIICH M. DTOT MHOTOYICH OJHO3HAYHO ONPEIEIACTCA MHTEPIOJIAIMOH-
HBIME YCJIOBHUSIME
r(Ak) = FO), ') = F/(), -, PO D) = (), k=15,

(3.1.6)
¥ Ha3bIBACTCs MHTEPIOIAIMOHHBIM MHOro4wieHoMm Jlarpanka-CunbecTpa
nasg dyakmuu f(\) Ha cnekTpe Matpunbl A. Onpeenenne 3.1.2 MOXKHO
nepedopMyIMpoBaTh B BUjIE

Omnpenenenne 3.1.2". [Tycrs f(A) — dyHKips, onpejesieHHast Ha ClieK-

Tpe MaTpuIibl A, a () — COOTBETCTBY IO HHTEPIOJISIITUOHHBINH MHOTOUJICH
Jlarpamxka-CuibBecTpa. Torma mo onpegeseHnio

f(A) =r(A).

Samevarue 3.1.1. Eciu marpuna A nNpuBoguTCs K IAArOHAJLHOMY BH-
7y, T.€. MOCTEJHWI ee WHBAPMAHTHBIH MHOXKUTENIbL e,(\), coBnajammmii ¢
MUHUMAJIBHBIM MHOPOYIEHOM (), He MMeeT KPATHBIX KOPHEi, TO Jijist TOro,
arobbr f(A) umerna cMbIc, goctaTodHo, To0bl dyHKIiwms f(A) Oblia ompee-
JIEHA B XapaKTEPUCTUICCKUX TOYKAX A1, Mg, ..., As. Ecin xke (\) umeer
KpATHbIE KOPHHU, TO B HEKOTOPBIX XapaKTEPUCTHICCKUX TOUKax f(A) ITOIKHA
VMETh IIPOU3BOJHBIC J0 ONPEJICJIEHHOrO MOPSsJIKA.

IIpumep 3.1.1. PaccMoTpuM >KOPAAHOBY KJETKY N-T'O IOPSIIKA

[\ )

Ao 1

1

\ Y,

Kak Mbl MOMHUM, Jijist Hee BCe WHBApPUAHTHBIE MHOXKHUTEJN DaBHbI 1, KpoO-
M€ MOCTEIHEro, KOTOpbIil paseH e,(A) = (A — A\g)". Bnauut, MUHIMAJILHbIH
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MHOTOWIeH paBeH P(A) = (A — Ag)". 3uauenne f(\) na cmexrpe J ecth

Fo), F(Xo)s - fU7 ().
Unreprionsinponnnit Mmuorowien Jlarpan:xa-CruibBecTpa onpeessieTcss nH-
TEePHOJISIITUOHHBIMY YCJIOBUSIMU
r(\o) = f(N), ”(Xo) = F/(No)y -y P (N) = FOTD(N). (3.1.7)
Ecinn B3sTH
/' (Xo) F" D (M) 1
A) = f(A A—A =2 = X)"
10 crenedb r(A\) < n u ycaosus (3.1.7), 04EBHJIHO, BBIMOJHSIOTCH. SHAUNUT,
s10 r(\) 1 ecTb uHTEpHOIANUOHHBIH osnHOM Jlarpanka-Cuabsectpa. [To-

STOMY
! (n—1)
FU) =r(J) = fO0) B+ L (1?0) (J=NE)+... 4Ly gyt =
! (n—1)!
109 130 s
f(Xo)

f"(Xo)
1!

\ f(Xo) )

3.2. CBoiicTBa QPYHKIINU OT MATPUIIHI.

1. Ecau A\, Ao, ..., A, — cobcmeenmnvie 3HAUEHUA MAMPULDBL TL-20
nopadka A, mo f(A1), f(A2), ..., f(An) — noanas cucmema cobemeenmoir
snavenuti mampuyo, f(A).

JokazaTesnbcTso. [lag MHOTOYIEHOB 3TO CBOMCTBO JTOKA3aHO PaHb-
me. Ecin dynknus f(A) onpenenena ma cnekrpe matpunsl A u r(A) — ee
wHTEepnonstnontbiii MaorowieH, to f(A) =r(A), f(A) =r(\), f(le) =

r(A2), ..., f(A)=r(\). Tak xkax r(A) — MHOTOIEH, TO MO JOKA3AHHOMY
panee r(A1), r(A2), ..., r(\,) — noaHas cucrema cOOCTBEHHbBIX 3HAYCHMUIT
r(A). Buauanr, f(A1), f(A2), ..., f(A\,) — momHas cucrema COOCTBEHHBIX

sHadennit marpuin f(A).
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2. Ecau mampuune A u B nodobnvr v mampuua T npeobpasyem A 6 B:
B =T71AT,
mo mampuive f(A) u f(B) nodobnw u ma oice mampuya T npeobpazyem
f(A) 6 f(B):
f(B) =T f(A)T.

Hokaszareanctso. Hycrs f(A) = apAP+ai W~ 1+. . .4+a, — Muoro-
anen. Ecmm B = T7YAT, 1o B = (T'AT)* = T-'ATT'AT .. . T 'AT =
T~ 1A*T, wo roraa
f(B) = agB*4-a; B" ' +. . 4a,E = agT ' APT4a, T AP ' T+. . 4a,T7'T =

=T Y apA? + a1 AP + ... 4+ a,E)T = T f(AT,

T.e. U Caydasi, Korjaa f — MHOroOWIeH, CBOWCTBO JIOKA3aHO.

Ecmu f onpenenena Ha crnekrpe A, TO MOCKOIBKY TMOJOOHBIE MATPHUIIHI
UMEIOT OJMHAKOBBIN HAOOP COOCTBEHHBIX 3HAUEHMIt, TO f ompejeseHa U HA
cuektpe B. Kpome Toro, 1mogobubie MaTpuilbl UMEIOT OJNHAKOBbIE MHBAPW-
AHTHBIE MHOYKUTEJH, CJIeJJ0BATEIbHO, OJUHAKOBbIE MUHUMAJIbLHBIE MHOTOUIE-
Hbl P (A) = e, (A). Buauut, f(\) IPHHUMAIOT OJIHU U Te YKe 3HAYECHHsI Ha CTIeK-
tpax A u B. [losromy cymecTByeT WHTEpPIOIAIMOHHbIH MHOTOUIEH 7(\) Ta-
koit, uto f(A) = r(A), f(B) = r(B). llo nokazanunomy r(B) = T~ r(A)T,
cresosarensio, f(B) =T 1 f(A)T.

Onpenenenne 3.2.1. Marpuia Bujga

( )

Ay
Ay
A= ,
\ A))
rne Ay, As, ..., A, — KBajJpaTHbIe MaTPUIILI, HA3BIBACTCS KBa3UMaro0-
HAJIbHOM u obosnavaercs A = {Ay, As, ..., A}
3. Ecau A — xeaszuduazonarvras mampuuya:

A={Ay, Ay, ..., A,
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mo f(A) — keasuduazonasvnas mampuya 6uda

JoxkaszarTeasncTBs o. [JokaxeMmM cHadaaa 9TO CBOUCTBO s
MHOrOUJIeHa, T.e. jlokaxkeM, uto ecin P(A) = agh\? + a1t APt + ... +a, —
muorowrer, to P(A) = {P(A;), P(A2), ..., P(A,)}. HeiictBurensro, mo

NPaBUJLy YMHOXKEHUSA MaTPHUIL

( \( )

A] Al

= ' = {A2 A% ..., A2}

u

\ 43/

[To naAYKIUHU 1715 JTF0O0r0 HATYpPaAJILHOTO [

I _ ) l l
A ={A}, A, ..., A}
[Tosromy, eciin By, FEy, ..., Ey — eguHudHbIe MaTPUIIBI TEX K€ MOPsJIKOB,
yTo n 'y marpun Ay, Ao, ..., A, COOTBETCTBEHHO, TO

P(A) = agA? + a; AP + ..+ a, Bl =
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= ag ' +ay ' +...+

—|—ap : = : =

\ B\ P(A)

= {P(A1), P(Ay), ..., P(A,)}.

Urak, 1J1s1 MHOTOUJIEHOB CBOMCTBO 3 TOKA3aHO.

O6osnaunm vepes r(A) MHTEPHONSIUOHHBIA MHOrOUIeH Jlarpamrika-
CuibBectpa jiist dbyukmun f(A) #a cnekrpe marpuibl A. [To mokazanHoMmy

f(A) =r(A) ={r(A)), r(Ag), ..., (A} (3.2.1)

Eciu () — murnmasbabiii maoroasien st A, 1o ¥(A) = {¢(Ay), ¥ (As),
0, orkyga ¥(A;) = 0,¢9(As) = 0,...,¥(A,) =0, T.e. ¢ — annyaupyromuii
MHOTOUJIEH JUIsT Bcex marpull Ay, A, ..., A,. MHOXKecTBO Bcex coOCTBEH-
HBIX 3HAUEHWH KasK 0 MaTpuIlbl A; BXOJUT B MHOYKECTBO COOCTBEHHBIX 3HAa-
aennii A (¢ yuerom kparrocteit). Tak Kak MHOTOWIEH ) — aHHYJIUPYOMIHi
st Ay, TO U3 paBeHCTBa

f(Aa) = r(Aa),
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T.€.
FOR) =r), FOw) =1 (), ooy F D00 = rmD(0N), k=15,
caesyer

f(AAl) - r(AA1)7 f(AA2) = T(AA2), e f(AAu) = ’r’(AAu)

(Besb My st Aj onpejiesisieTcst 10 MUHUMAJIbHOMY MHOTOUJIeHY jiisi Ap, KO-
TOPBIH JEJUT 1), U, CJIEIOBATENBHO, My JIIsd A; He TPEBOCXOAUT My jiist A).
[TosTomy

f(A) = r(A1), f(A2) =7r(Az), ..., f(A) = 7(Au),

v paseHcTBO (3.2.1) 3anumiercst B Bujie

F(A) ={f(Ar), F(A2), ..., F(Au)}.

IIpumep 3.2.1. dumaronajbHasi MaTPHUIA SIBJISETCs YaCTHBIM CJIydaeM
KBa3UIMAaTrOHAJBHON MaTpPUIILI ¢ OJOKAMHU BJIOJIbL IJIABHON JMArOHAJIN, sIBJIs-
IOIIMMUCS KBaJIPATHBIMKA MaTpUIIaMU 1-10 mopsijika, T.e. dncjamu. [Tosromy,
eCJIM MATPUIIA TIPUBOJIUTCS K JIUATOHAJIBHOMY BUJTY (MATPHIA TPOCTOM CTPYK-

TYpbI), T.€.

A — T{Ah A27 I AU}T_17

TO

f(A) = T{f()‘l)a f()‘Q)) ) f()‘u)}T_l'

[Tpu srom f(A) umeer cmbicia, ecan dbyrkuus f(A) onpeneseHa B TOUKax
A1, Ao, oy A

IIpumep 3.2.2. Ecnu MaTpuiia MPUBOJUTCA K YKOPJAHOBOI HOPMAJbHOM
dopme

A=TJT !
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rie

(v 1
A1
1
\ 3y,
J = )
(1 )
Ay 1
1
\ \ vy,
IPUYEM BJIOAbL JUATOHAJIU MJYT YKOPJAAHOBLI KJIETKH MOPSAJIKOB Vi, ..., U

COOTBETCTBEHHO, TO, UCIIOJIb3ys CBOMCTBO 3 U pe3yJsbraT npumepa 3.1.1, no-

JIy4YUM

f(4)

TfHT,
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rie

\

\

3.3. NarepnionaummonHblii MmHOTOWIeH Jlarpanxka-CuabBecTpa.

1. [Tycrs xapakTepucTudeckuii MEOrowieH |AE — A| He umeer KpaTHbIX
KOpHE U MyCTh Aq,
Ao, ..., A, — Bce ero kopuu. Torga Bce mokazaresnn my, B (2.2.7) paBHBI €1~
HUIEC ¥ MUHUMAJILHBII MHOTOWJICH MaTPUILI A ecTh
SO = A~ A= (A M)A~ A). (A= A,
HTepnoasiionnble YCIOBUs UMEIOT BH/L

T()\k) = f()\k), k= 1,n.

(3.3.1)
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B arom ciygae r(\) — 0ObIUHBIIl HHTEPIOAANMOHHDI MHOTOWIEH Jlarpanka
st byukimn f(A) B Toukax A1, Ag, ..., Ay

B n A=) oo A=) A = A1) - - (A= Ap)
r(A) = ; (M — A1) oo (A — A1) Ak — Apgr) - (A — Ap)

O4eBHJIHO, OH YJIOBJIETBOPSIET WHTEPHOJSAIMOHHBIM yejoBusiM (3.3.1) u ero
crenenb Menblne n. Cornacuo onpegenenuo 3.1.2

(A= XNE)...(A= X1 E)Y(A— N1 E) ... (A= \E)

I =) = ) = m) O = Aear) - O~ )

2. JlomycTuM Temnepb, UTO XapaKTEPUCTUICCKUIT MHOTOUJIEH UMEET KpaT-
Hble KOPHU, HO MUHUMAJbLHBIN MHOTOYJIEH, SABISIONANCS IeJINTeIeM XapaK-
TEPUCTUYIECKOTO, UMEET TOJILKO MPOCThIE KOPHMU:

D) = A= AD)A = A) oo (A= An)-
B srom ciyuae, Kak ¥ B mpeblLyIieM, Bee nokazarean my B (2.2.7) paBHbI
eJIMHUIIE, ¥ WHTEPIOJIAIMOHHbIe yeaoBust (3.3.1) mpuHUMAIOT BUJT
r(A) = f(A), k=1,m.
CuoBa r(\) sBJsIeTCS OOBITHBIM UHTEPTOJISAIMOHHBIM MHOTOUIEHOM Jlarpan-
Ka,

f(A).

().

z””: A=) A=) X = M) - (A = A)
(A= A1) (= Memt) O = Aprt) - (A = A)
1, CJIeJIoBaTe/IbHO, (PYHKIUS OT MATPHUILI HaliIeTcs Kak

(A= ME) ... (A= N E) (A= N1 E) .. (A= \E)

f(A) =r(4) = kE:; Ae — A1) oo (e — M) (A — A1) - - (A — Am)

3. PaccMoTpuM obmmmii cydaii:
PA)=A=A)™M A=) ... (A= X)™, mi+ma+ ...+ mg=m.

[TpescraBum pyHKIUIO %, SBJISIONLYTOCST TTPABUIIbHOI JIPOOLIO (Bejib CTe-

r(A) =

f(),

f(Ax).

MeHb MHTEPIONSIIIMOHHOrO MHOrowIeHa Jlarpatka-Cuiibsectpa () MeHbIie
CTEMeHN M MUHUMAJIBHOTO MHOTOWIEeHA ¥ (A)), B BUE CYMMBI MPOCTHIX JIPO-
beit:

r()) <« a1 o o
P(\) ; [(/\ — A )™ + (A — )l +..t (O — /\k)], (3.3.2)

rie ag;  (j = 1,my; k =1,s) — mexoropsle uncia. Beegem B paccmorpe-
HIE MHOTOYJICHBI
P(A)

()\ — )\k)m’f '

v =
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st onpejiesienust TUCAUTeNeil IPOCTBIX Apobeil ag; yMHOXKUM 00e TJacTn
(3.3.2) ma (A — Ag)™* ¥ BOCTIONB3YEMCsT BBEACHHBIM 0003HATCHIEM:

1;,5()\/\)) = a1t (A=) 4. - A m, A=) ™ T (A=) ™ p(N),

k
rie p(A) — panpoHasbHas (DYyHKIUS, He 0OPAIIAOMIAACT B 00 TPU A = Aj.
Orcrona

1 r(\) 16U-1) )
i = [WE(A))}A:A,C’ j=Tmy, k=T1s. (3.3.3)
Dopmyibl (3.3.3) MOKA3BIBAIOT, 9TO UHCJIUTENH (v B IpaBoil dacTu (3.3.2)
BBIPAYKAIOTCS Yepe3 3HaueHusi MHorodusiena r(A) Ha crnektpe marpuilbl A,
a 9TW 3HAYCHUS HAM M3BECTHBI: OHH PABHBI COOTBETCTBYIOIIUM 3HAYCHUSM
byukuun f(A) u ee mpousBoHbIx. [TosTomy

1 [ f(\) ](j—l)
(7 = DAY a=n’
[Tocre Toro Kak Bee oy Haiigens:, r(A) MOXKHO HaiiTn u3 crepyomeit Gop-
MYJIBI, KOTOpasI MOy IaeTCsl YMHOKEHIHEeM 00enx JacTeil paBeHcTsa (3.3.2) Ha

P(A):

r) =% [akl Faph = A) 4o g (A — )™ F ). (3.3.5)
k=1

B sroit bopmyisie BeIpakeHue B KBaJPATHBIX CKOOKAaX, CTOSIIEE B KAUECTBE

vmoxuTens neped YF(N), B cuty (3.3.4) paBHO cyMMe TIEPBBIX 1) HICHOB

paszyioKenus Teitsiopa 1o creneHsM A\ — Ap JJist (DyHKIIAK qpfk(—()‘)?)

Oy = ] = l,mk, k= 1, S. (3.3.4)

[Toncrasnsis (3.3.4) B (3.3.5) u 0O6beAUHsAST WICHBI, COJEPIKAIINE OJHO U
10 ke 3Havdenue Gyukuuu f(\) Wi Kakoil-mbo ee MPOU3BOJHOM, TIpecTa-

BUM () B BUJIE
S

r(A) = [f()‘k)@kl()‘) + (A era(A) + 4 FO (A @, (V)
k=1

(3.3.6)

3nech @i (A) (j =1,mg, k =1,s) — Jerko BLIYUCIAEMbIE MHOTOUJICHDI

OT A\ CTENEHU, MEHbIIeH m. DTH MHOIOUJIEHBI BIIOJIHE ONPEIESIOTCS 3a/1aH -

em () n He 3aBucaT o Beibopa dyuknnE f(A). Ynucao stux MHOrOUICHOB

PABHO YHCITY 3HAYEHWI (DYHKIMK Ha CIIEKTPe MaTpuipl A, T.e. paBHO m, rjie
m — crerneHb MUHUMAJIBHOTO MHOTOUJICHA.

[Tycrb Bee 3navenns f Ha criekTpe Marpuibl A paBHBI HYJIIO, 38 UCKJIIO-

YeHUEeM OJIHOT'O f(j_l)(/\k) = 1, rorga jyist Takoit gyuknuu (3.3.6) mpumer
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BI/T
r(A) = erj(A).

Takum obpasoMm, ¢ymukyua @rj(A) — unmepnoasyuonnwil Mmuozousen
Hazpanoica-Cunveecmpa das Pynkyuu, y komopoli 6ce SHANEHUA HA CNEK-
mpe mampuyoe A paswon wyaro, 3a uckmovenuem odnozo fUV(NL), pasnozo
1.

13 dbopwmyser (3.3.6) cremayer ocHoBHas dopmyiia gius f(A):

S
fA)=> [f()\k)Zkl + ) Zra+ - A V) D |- (33.7)

k=1
rie

Zk] = QOkJ(A), ] = 1amka k= 1) S.

Marpuiipl Z}; BIIOJIHE ONPEAETIAIOTCH 33/laHeM MaTpulibl A u He 3aBucAT ot
BoiOopa dyukiwn f (). B mpasoit wactu (3.3.7) dyukius f(A) npeacrasiena
TOJILKO CBOWMW 3HAUEHUSIMU HA CIIEKTPe MaTpuIlhl A.

Marpunst Zx; (5 =1,my, k= 1,s) Ha3bIBAIOTCA COCTABJISIOIUMUA
MaTPUIIAMU 111 KOMIOHEHTAMU MaTPUIbI A.

3aHyMepoBaB Bce JEMEHTHI KBaIPATHON MaTPHUIIbI MOPsIJIKa 12 B HEKOTO-
poM (PUKCHPOBAHHOM (HAIPUMED, JIEKCHKOTPahUIECKOM ) TOPSIJIKe, Mbl Mpe-
BpalllaeM MHOXKECTBO KBaJIPATHBIX MaTpuIl n-ro nopsaka waj mnogem C B
JUHeiHOe n’-MepHOe MPOCTPAHCTBO HaJ STUM TIOJIEM C eCTECTBEHHBIME OIle-
palsIMU CJIOXKEHWST BEKTOPOB U YMHOYKEHUsI BEKTOPa, Ha, KOMIIJIEKCHOE YUCJIO.
Torma cocTaBsIONIEe MATPUIIBI MOYKHO PACCMATPUBATL KAK BEKTOPA ITOTO
TPOCTPAHCTBA.

Teopema 3.3.1. Komnonenmov, mampuyve A Aunetino nezasucumol.

HoxkazatesbcTso. elictBuTe/bHO, MyCTh JIMHEHAs KOMOWMHAIIMS
M BEKTOPOB Z}; PaBHA HYJIIO:

i%ckakj = i%%%(ﬁl) = 0. (3.3.8)

k=1 j=1 k=1 j=1
Onpejie/iiM HHTEPHOJIAMOHHBIH MHOrOWIEH 7(A) ¢ MOMOIIBIO 1M YCIOBHI
rU D\ =cy (=T, mp k=T1,5). (3.3.9)
Torna cormacuo (3.3.6)

S my
r(A) = Z Z CcrjPri(A). (3.3.10)
k=1 j=1
Cpasrusas (3.3.8) ¢ (3.3.10), momyanm
r(A) = 0.
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Ho crenenb nHTEPIONSIIIHOHHOTO MHOTOUIECHA 7 () MEHbIIIE, YeM M, T.€. CTe-
IeHd MUHUMAJBLHOIO MHOTOUWIeHa. TaK KaK MHTEPIOJSIUOHHBIE MHOrOWIeH
OKa3aJICs aHHYJUPYIOMNUM st A, TO OH AeJWTCs Ha, MUHUMAJbHBIH MHOTO-
wien ¥ (A) crenenn m. MHOTOWIEH cTeneHn, MEHbIIEH m, JTEJUTCS HA MHO-
rovJIeH CTENeHu M TOJbKO TOrJa, Korjga OH paseH Hysro. CremoBarenbHO,
r(A) =0, no Torma u3 (3.3.9)
c; =0, j=1,mg k=1,s. (3.3.11)

Urak, n3 paBeHCcTBa HyJTO JnHeiHON KoMOuHanuu (3.3.8) cieyer paBeHCTBO
HyJ 10 K03 DUIMEHTOB TOM JinHeitHoil komOuHanuu (3.3.11). Do oznauaer,
4TO BEKTOPa ZLjj JUHEHHO HE3aBUCUMBL.

3aMeTnM, 9TO U3 JINHEIHON He3aBUCUMOCTI COCTABJSAIONINX MATPULL Z;
cJIeJIyeT, UTO HU OJIHA M3 STHX KOMIIOHEHT He paBHa HYyJ0. OTMETUM TakKXkKe,
97O JIIOOBIE JIBE€ U3 KOMITIOHEHT TTePECTAHOBOTHRLI MEXK Iy cODO# M ¢ MaTpuIeit
A, TIOCKOJIbKY BCEe OHH — MHOTOUJIEHBI OT A.

3.4. IlpencraBiaenane pyHKIUT OT MAaTPUI, PAIaAMU.

[Tycts nana kBajgparHast Marpuia A = (aij) MOPsIAKaA N ¢ MUHUMAJIHLHBIM

MHOTOUYJIEHOM
w()\) = ()\ — Al)ml()\ — )\2)m2 ... ()\ — )\S)ms, mi+mo+...+mg=m,

n nycth byakuun f(A), fi(A), fa(A), ..., fp(A), ... ompegenens Ha crek-
Tpe MaTpuInl A.

Onpenenenne 3.4.1. ['oBopsT, 9TO MOCTEI0BATEIBHOCTD (DYHKITUIA
{fp(\)} crpemurcs mpu p — 00 K HEKOTOPOMY MpeeJy Ha CIIEKTPe
MATPUIIBI A, ecili CyIIecTBYIOT IPeesibl

. . / . (mk_l) T
Jlim Fo( M), Jlim fp(Ar), s Jlim fp (Ar), k=1s.

— 00
ToBopsT, uT0 MociienoBaTesibHOCTh MyHKHU {f,(\)} crpemurca
npu p — 0o K dyskimu f(\) HA cmekTpe MaTpuibl A, v nuiyT

plijglo fo(Aa) = f(Aa),

eCJIn
Jim Fo(Ae) = F(Ar), Jim k) = (M), - Jim £ D) = £ (), k=T

Ecau paccMaTpuBaTh KBaJIpaTHbIE MATPHUIIBI N-T'O MOPSIIKA KaK BEKTOPA,
B N2-MEPHOM JIHHEHHOM mpocTpancTBe 2, TO CXOANMOCTD MOCJIE0BATE b
HOCTU MATPUIL €CTECTBEHHO ONPEJIEJNUTh KaK MOKOODIMHATHYIO CXOAUMOCTD
(1T032Ke MbI BBISICHUM, 9TO TaKas CXOJAUMOCTH SKBHBAJIEHTHA CXOIMMOCTH MO
moboit MarpuaHoOil HOpMe). Takum 06pa3oM, Mbl OyIeM UCXOAUTH U3 CJIEITY-

IOIIETO ONpeIeIeHns.
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Onpenenenne 3.4.2. Byjem roBoputrhb, YTO IIOCJIEA0BATEIBHOCTH
marpun {B, = (bf])} MMeeT IIpees IPU p — 00, €CJIH CYIIEeCTBYIOT
IPEAEIIbI

lim b7, 4,5 =1,n.

p—oo Y

Bynem rosoputs, 4To IOCI€I0BATEIBHOCTh MaTpuil {B, = (bf])}
cxoguTcss K marpuine B = (b;;) npu p — 0o, ecin

lim bf] = bij, 2,] = 1,n.

p—00

Ocuosurast dopmyia (3.3.7), T.e. popmyia,

S
FA) =) [f(Ak)zm + ') Ziz+ -+ L) D, |, (3.41)
k=1

Bhipaxkaer f(A) depes snadenust f(A) va cnekrpe marpuibt A. B cuny nuneii-
HOJi HE3aBHCHMOCTH MATPHUIL Zk; U3 3TOil (HOPMYIIBI ClieIyer, 9To Bee (ByHK-
nuu f(A), onpejiesiennbie Ha criekTpe A, npu 3ajanHoi GUKCHPOBAHHO Ma-
Tputie A 0OpasyoT m-mMepHoe JinHeiiHoe moAnpocTpancTBo B K2 ¢ 6asncom
Zrj (3 =1,mg, k =1,s). B srom Gasuce sextop f(A) mmeer csonmu
KoopauHaTamu m 3uadenuit Gyukipn f(A) Ha cnekrpe marpuub A.

TH cOOOparKeHNs IEIAI0T COBEPIICHHO MPO3PATHOIl CICIYIONIYIO TEOpe-
My.

Teopema 3.4.1. /laa mozo, wmobv nocaedosamesvHocmy Mampuy
{fp(A)} npu p = oo cxodurace % nexomopomy npedeay, neobxrodumo u do-
cmamoyuno, wmobw, nocaedosamenviocmo dynkuui { f(A)} npu p — 0o na
cnexmpe mampuyv, A cmpemuiaceo ® npedeny. IIpu smom

Jim fy(Aa) = f(Aa)
mozda u moavko moezda, K020a
lim f(4) = f(A).

HokaszaTeuabctso. Joemamounocmo. [lycrs sunadenus fj(\)
Ha CIIEKTPe MATPHUILI A IpU p — 00 CXOISTCs K MPEJIeJbHBIM 3HAYCHUSIM.
Torma w3 ocuoBHol hopmyJts (3.4.1), 3anucanuoit st GyHKIUI MOCTET0BA-

TEJILHOCTH fp:
S

JAGEDY [fp(/\k)zkl + (M) Zra + . A+ f;mk_l)(/\k)zk,mk], (3.4.2)
k=1
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crenyer cymecrsoBanue npejena lim f,(A). Ecin x Tomy ke lim f,(Ag) =
p—00 p—00

f(A4), To, mepexo/ist K mipejiesty B mpaBoit yactu (3.4.2), Mbl MOy IUM TPABYIO
qacth (3.4.1). Dro osnaqaer, uro lim f,(A) = f(A).
P—00

Heobxodumocmo. Obparro, mycrs cymecrsyer lim f,(A). Panee mbr jo-
P—00

Ka3aJld, 9TO €CIIH PACCMATPUBATD MATPUIILI KAK BEKTOPA B 12-MePHOM JIHHE -

HOM IIPOCTPAHCTBE, TO M BEKTOPOB
Zyi, Jj=1,my, k=1,s,
JINHEHHO HE3aBUCHUMBI. 3a(UKCUPYEM HEKOTOPYIO HYyMEPAIUIO 3JIEeMEHTOB B

MaTpHIax (HAIPUMEp, CHadYaja 3aHyMepyeM 3JEMEHThI MepBOii CTPOKH, 3a-

TeM BTOPO#N M T.JI., HAKOHEI, n—ﬁ). [Tockonbky m < n2, TO Marpula, Co-

CTaBJICHHAA U3 BEKTOPOB Z11, Z12, ---, Llmy, 4215 222, -+ Lomyy -+ - s
2o, Zs1, Zs2y -y Lgm, KaK CTOJIOIOB:
( 1 1 1 1 1 1 \
2y oz oy a2 2,
2 2 2 2 2 2
zy ozP oz oZd 28 L 2,
\251) ...ozZl) 2y ozl oz 28

umeer paHr m. [losromy cyiiecTByeT MUHOP M-T'0 MOPsiJiKa, CTOAIINN, HATIPU-
Mep, B CTPOKax %1, 2, ..., &m, KOTOPBIH OTINYEH OT HYyJd. PaccMmarpuBas
marpuipl f(A) u Zy; Kak BeKTopa B n’-MEepHOM JIMHEHHOM TPOCTPAHCTBE, a
paBeHCTBO (3.4.2) KaK PaBEHCTBO BEKTOPOB, MPUPABHIEM KOODIMHATHI STUX

BEKTOPOB C HOMEPAMHU %1, 19, ... , ly,. LlOaydum
F004) = 3 [HOWZE+ £ 25+ 1Pz, | =T,
k=1

OrnocuresibHo m 3uavenuii f(A) Ha criekTpe marpuipl A (T.e. f,E”()\k), j =
0,mp — 1, k=1,s) 910 ecTb cucrema m JUHEHHBIX YPABHEHUIA C 1M HEW3-
BECTHLIMU. Tak Kak ee ONpeJle/InTesb COBIAJIaeT ¢ PACCMOTPEHHBIM BHIIIIE
MHUHOPOM, TO OH oTimdeH or Hyss. CiemoBaTesbHO, CUCTEMa, UMEET eH-

CTBEHHOE pelieHne, u 3uadenust f(\) Ha croekTpe MaTpuipbl A OJHO3HATHO

. L
U JIMHEAHO BBIPA3SATCS 4Yepe3 m 3HaueHUid fIS’)(A), [ = 1,m, T.e. 4epes
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KaKHe-TO 1 31eMeHTOB MaTpuipl f(A):
FPOw) =) B f(A), j=0m—1, k=135
=1

Orcroa cienyer CyIiecTBOBaHUE IIPeJesa pll)r& fp(A4) u TOT dakr, UTo U3
pagercrBa lim f,(A) = f(A) crenyer pasencrso lim f,(As) = f(Aa).
p—)OO p-)OO

Dta GopMyIIa NoJgUePKUBAET eCTeCTBEHHOCTL ¥ OOIIHOCTE JAHHOIO HAMK
onpejenenust byHKIuU or Marpuilbl, f(A) Beerga moayvIaeTcs npeaeabHbIM
mepexosioM u3 g,(A) mpu p — 00, €CIIM TOJIBKO TOCTEI0BATEILHOCTH MHOTO-
anenoB g,(A) cxomurest K f(\) Ha criekrpe marpuipr A.

o0
Omnpenesienne 3.4.3. [oBopar, uro paf, Y | uy(A) cXoauTcs Ha CIIEK-

p=0
Tpe MaTpuiibli A K dpyHkmuu f(\), u numryt
F(Aa) = uy(Aa), (3.4.3)
p=0

ecsi Bee (pUrypupyrolme 3j1ech (PyHKIUMK OIIPE/IeJIeHbl HA CIIEKTPE MaTPHUILbI
A ¥ ©MeT MecTo paBeHCTBa

FOW) =D wpAe), FOw) =Y up(Ae), ooy P 00) = D ui™ D (),

JIpyrumMu CIoBaMu, eCJin TOJOKUTh
p
SP(A):ZUQ()‘)7 p:0a1a2a"-7
q=0
10 (3.4.3) PABHOCHIIBHO PABEHCTBY

f(Aa) = lim Sp(An)-

C uncrnonbzoBanuem 3toro dakta Teopema 3.4.1 moxker ObITH TTepedOpMyIn-
pPOBaHa, CJIEIYIONIIM 00PA30OM.

0.¢)
Teopema 3.4.2. Jlaa mozo, wmobw, pad >, u,(A) croduaca x nexomo-

p=0
0
poti mampuuye, neobrodumo u docmamouno, 4wmobv pad »_, uy(X) croduaca
p=0
na cnexkmpe mampuuot A. IIpu amom
0
F(Aa) =) up(Aa)
p=0

ol
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mozda u moavko mozda, Koz2da

A)y=> u,(A

[TycTh al cremeHHoil psaj| ¢ KPYroM CXOMUMOCTH |A — Ag| < R u cymmoit

f(A): )
= (A=) (A= X| <R). (3.4.4)

Tak Kak CTEIeHHON PsJi MOXKHO MOUIeHHO JuddepeHnupoBaTh J000e Y1CI0
pa3 BHYTPH KpyTra CXOIUMOCTH, TO psaj (3.4.4) cxopurest wa criekTpe Jioboii
MATPHIILI, COOCTBEHHLIE 3HAUEHNsT KOTOPOI TOMaIal0T BHYTPL KPyra CXOIU-
MOCTH.

Takum obpazom, umeeT MecTo

Teopema 3.4.3. Ecau dynryua f(N) pasaazaemea 6 cmenennot pad 6
kpyze |\ — Ao| < R,

o0

FO) =D ap(d = Aol

p=0

A) =) op(A— NE)
p=0

daa a060t mampuyo, A, cobemeennvle 3HaAMEHUA KOMOPOT AeAHCAM BHYMPU
kpyea crodumocmu |A — Ao| < R.
Tak kKak BO Bceil KOMHﬂeKCHOﬁ HJIOCKOCTI/I

\ 0 AP \2p+1
et = —: COSA = ; sin A\ =
Sl o= WG = X
TO U3 TeopeMbl 3.4.3 BHITEKAIOT CJIeIyTOIue paSJIO)KeHI/IH
o0
AP A2 A2p+1
e :Z—; cos A = Z : sin A= Z
p=0 p | p=0 2p ' 2p + )

CIpaBeInBLIe [1J1s1 1I000# Marpunbl A. Kpome Toro, HOCKOJIbe

1 o0
(1—/\)_1:ﬁ22/\p, Al <1,
p=0

TO
00

(E—A)'=>"A |N]<1, k=T

p=0
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MoxkHO oKa3aTh caegyroliee CBORCTBO (DYHKIIUU OT MATPHUILHL.

4. ITyemwv P(uy,ug, . .. ,up) — MHo204AEH OM | NEPEMEHHOIT U, U2, . - . , Uj;
fiN), fo(A), ooy fild) — dynruuu om X, onpedesennvie na cnexkmpe ma-
mpuuv, A u
p(A) = P(fi(N), fa(A), ..., fi(A). Tozda us

p(A4) =0 (3.4.5)
caedyem

P(fi(A), fa(4), ..., fi(A)) =0.

HokaszaTenbctso. [lycrs ri(A), r2(A), ..., m(X) — nrTepmomns-
nuonHble MHorowienb! Jlarpatxka-Cuibsectpa st fi(A), fa(A), ..., fi(A).
[Tomoxkum

hA) = P(r(\), 7N, ..., m(\).

OueBupno, h(A) — MHOrouJIeH, 3HAYEHUs] KOTOPOIO Ha CHEKTPEe MaTpPHIIbI
A cosnagaior co 3nadenusmMu p(A), T.e. p(Ag) = h(Ay). Onnaxo u3 (3.4.5)
cremyet, ato h(A4) = 0. Orcioa BbITEKaeT, ITO
P(fi(A), fo(A), ..., fi(A)) = P(ri(A), r2(A4), ..., r(A4)) = h(A).

Ho B cuiy ocroshoit dhopmyiibt (3.4.1) h(A) = 0. CroiicTBo j10Ka3aHO.

CoryacHO CBOHMCTBY 4 U3 TOXKIECTBA, sin? A+cos2 )\ =1 CIeyeT, UTO JIJIs
000i Marpunbl A

sin?A+cos’A=FE

(mano m3arh P(ug,uz) =ud +u3 —1, fi(A) =sin), fo(\) =cos)).
Beps B cpoiictse 4 P(uy,us) = ujus — 1,  fi(A) = e*,  fo(A) = e,
MOJTy UM, 9TO JiIst JII00OH MaTpuibl A
ete ™ = b,
CJIeIOBATEJIbHO,
e = (e L.

Beps B cBoiictse 4 P(uy, ug, ug) = up — ug —iug, fi(\) = e, fa(\) =

cos A, f3(A\) =sin A\, st sm060i Mmarpuibl A Oyjgem umerh
e = cos A + i sin A.

Iycts f(A) = 1 u A = (a;) — HeBbIpoXKeHHAs Marpuna. Tak Kak
coOCTBEHHbBIE 3HAYEHMU ST HEBBIPOXK JICHHOM MATPUIIBI OTJIHIHbI OT HyJist, TO f ()
onpejiesera Ha ciekrpe marpuilbl A. [Tosromy B pasencrse Af(A) = 1 MmoxHO
3aMeHUTh A Ha A:

Af(A)=E,
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T.€.

flA) = AL

O6oznauas gepes () HHTEPIONAMONHBII MHOTOUICH [ (DYHKIUH v, MbI
MOYKeM TIPeJCTaBUTh 00paTHy1o Marpuiy A~! B Buje MHOrO4IeHA OT JIAHHO!
MATPHUIILI A:

A7l =r(A).

Paccmorpum panmonanbhyio GyHkimo p(A) = %, rie g(A) u h(X) —
B3AMMHO MPOCTHIE MHOIOUYJIEHBI OTHOCUTEJIBHO A. DTa (DYHKIMsI OIPEIEIeHA,
Ha CIIEKTPEe MATPUIILI A TOrJIa U TOJBKO TOTJIA, KO COOCTBEHHbIE 3HAYCHUST
marpulbl A He sBisgores Kopasivun Maorousiena h(A), r.e. korga |[h(A)| # 0.
[Ipw BBITIOTHEHUN ITOTO YCAOBUS MBI MOKeM B ToXkaecTBE p(A)h(A) = g(A)
3aMeHuTh A Ha A:

Orcrona
p(A) = g(A) (A = [h(A)]'g(A).

B zakiiouenne, oTMeTHM, 9TO Y HAC UMEETCs JIBa MPUHIIMIHAIBLHO Pas3-
HBIX CIIOCO0A BBIYUCICHUS (PYHKIIUU OT MATPHUILbL:
1. C moMOIIbI0 MHTEPHOJISIIIHOHHOTO MHOTOUIeHa JIarpam:ka-Cuabsectpa.
2. C moMmommpio MpuBeIeHns MaTpulbl A K KOpJaHoBO# HOpMAaJILHOM
dopwme. Ecian
A=TJT !

TO

f(A) =Tf()T,

npudem f(J) J€rko BBIUCHIBACTCH.
I'maBa 4. HopMbl BEKTOPOB U MaTPWII,.

4.1. HopmMupoBaHHBIE MPOCTPAHCTBA. BEeKTOpHBIE HOPMHBI.

[Tycres [, — koHEUHOMEpPHOE BEKTOPHOE MPOCTPAHCTBO HAJ| MOJEM Jeii-
CTBUTEJILHBIX 1ncest R wim Has nosem komekcubix uncea C, RT = {z €
R:z > 0}.

Ompenesienne 4.1.1. Oro6pakenue || || : E, — RT, crapsmiee B
coorBercrere Bekropy X € [, uncio ||x|| € RY, nasnisaercs Hopmoii, ecin
OHO YJIOBJIETBODSIET CJICIYIOIINM CBOHCTBAM:

L. ||x|| = 0 rorga u Toapko Torga, Korga x = 0;

2. ||Ax|] = |AllIx|], A € R (mm A € C);

3 Ik +yll < I+ lIyl], %,y € B
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BekTopHOe TPOCTPaHCTBO C BBEJCHHON Ha HEM HOPMO# Ha3bIBae€TC HOP-
MUPOBAHHBIM.

CpoiicTBa HOPMBI — CBOCTBa JJIMHBI BeKTOpa. Kakgoe KoHeTHOMEp-
HOE BEKTOPHOE MPOCTPAHCTBO MOXKHO TTPEBPATUTH B HOPMHUPOBAHHOE C TIO-
MOIIIHIO BBEJICHUS HECKOJbKUX HOPM. Ha JaHHOM BEKTOPHOM IMPOCTPAHCTBE
CYIIECTBYET ODECKOHEUHOE MHOXKECTBO HOPM, OCHOBHBIX M BCIIOMOTATETbHBIX.
Nwmetorcst Tpu OCHOBHBIE HOPMBI (3716ch Mbl (ukcupyem B [, 6asuc, B Hem

KaXKJIbIil BEKTOD X UMEET KOODJIUHATHI X = (X1, Lo, ... ,Ty)):
n

x| = Z |z;| —okTasgpUUIeckas HOPMA;
i=1

n
Z |z;|>—cdepuieckasi HOpMa;
i=1

||1X||cc = max{|z1|,|2z2], ..., |x,|}—KyOUUEeCcCKass HOpMa.

Eciu nuneitHoe mpocTpaHCcTBO paccMarpuBaeTcs Hajl rmojiem R, to cde-
PUYECKYI0 HOPMY HA3LIBAIOT TaKyKe €BKJIMJAOBOIL, a ecian naj mojem C, To
ee Ha3bIBalOT SPMUTOBOI.

[okaxxeMm, 9TO 3TO HOPMBI.

n
1. OueBugno, ||x||r = > |zi| = 0 Torma u Tombko Torga, korma x; = 0

i=1
npu Kaxjom ¢, T.e. x = 0.

Hanee, [[Ax][r = Z Azi| = |A| Z i = Al

Hakonen, ||x + y||r = Z |zi + il < Z il +Z il = 1|l =+ [lyllr-

Takum obpasoM, || HI — HOpMA.

n
2. Ouesnnno, aro ||x||;r = /D |zi|*> = 0 Torma n Tonbko TOTIA, KOT/IA
i=1
x; = 0 npu kaxjom ¢, T.e. X = 0.

Hanee, [|Ax]|rr = \/Z [Azif? = [l Z il = [A[l|x]]rz.
Hakonen, |[x +yllrr = \/Z |z + il < \/Z il + \/Z vil? =

I1x||7r + ||y ||rz- Tlocnennee nepaBencTBO BhiTeKaeT U3 HepaBeHCTBa Korim-
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BynsakoBckoro
n

(iximf <(> \xz-P)(i vil?), (4.1.1)

i=1
BBIPAKAIOIIEro TOT (PAaKT, UTO CKaJsIpHOE IIPOU3BEJeHUEe BEKTOPOB HE IIpe-
BOCXOJWT MPOU3BEICHNS JIJIMH 3TNX BEKTOPOB:

(x,5) < |Ix] - [|¥]]-
JeiicTBUTEILHO, U3BJIEYEM KBaIpaTHbIE KOPHU U3 00erX dacTeil HepaBeHCTBa,
(4.1.1), 3arem 0be 4acTH MOJIYYEHHOIO HEPABEHCTBA YJBOUM M MPUOABUM K

HUM BbIpazKeHue
n n
Dol + ) luil
1=1 =1
B pe3yJibTaTe€ 4Y€ro IIOJIyYUM
n n n 9
Szt ul < (D w2+, D i)
1=1 1=1 =1

Ocraercst n3BjIedb KBaJAPATHBINH KOPEHb M3 00X dacTeil MocIeHero Hepa-
BEHCTBA.

3. OueBniHo, ||X||sc = max |z;| = 0 Torma u Tonbko TOrMA, KOrya x; = 0
npu Kaxjom ¢, T.e. x = 0.

Hamnee, ||AX||oo = max |Az;| = [N max|z;| = |Al]|x]|oo-

Hakoner, ||x + y||oo = max|z; + y;| < max |z;| + max|y;| = ||x]|| +
17l

Takum obpaszoM, || ||o — HOpMA.

Omnpenenenne 4.1.2. Hopmet || || u || - ||2 HasbiBaloTcs SKBUBaJIEHT-

HBIMU, €CJIM CYIIECTBYIOT TaKue JeiicTBUTe bHbIe uncaa 8 > a > 0, 9To 1j1s
BCex * € F,
af x|l < x|z < Bl[x|]: (4.1.2)

[TokazkeM, 9TO OMpE/IETEHHOE OTHOIICHUE JCHCTBUTEIHHO SBISETCSA OT-
HOIIIEHNEM 9KBHBAJEHTHOCTH.

1. Pegaercusnocmo: ||x|| ~ ||x||. Hockomsky ||x|| = ||x|| = [|x]||, To
(4.1.2) Bbimonusiercsi ¢ . = = 1.

2. Cummempuunocmy: Ecmm ||x[]1 ~ ||x][]2, 0 [|x||]2 ~ ||x||1. [IycTs

l|x|[1 ~ ||x||2, T.e. BBmOMHSIETCs1 (4.1.2). Torna %HXHQ < x|l < L{Ix[]2,
T.e. ar||x|ls < ||x|]1 < Bil|x||2, te aq = %, Bi = 1, npudem, B cuiy TOrO,
yro 5 > « > 0, OyneT BBIIOJIHEHO 31 = % > % = aq > 0. Takum obpazowm,

[1x[l2 ~ [[x[]1-
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3. Tpansumuenocmo: Ecim ||x|]1 ~ ||X]]2, & ||x]|]2 ~ ||x]|3, To ||x]]1 ~
|x]|[s. [Iycrs ||x||1 ~ ||x]]2, ||X]|2 ~ ||x]||3. Cormacto ompenenenmio 4.1.2 50
O3HAYAEeT, 9TO HaiiyTcst moCcTossHHBIE B1 > 1 > 0, B9 > a9 > 0 Takme, 9T0

ar|[x|]2 < [x]]1 < Billx]l2, anllx]]z < [[x[|2 < Baf[x][s.
13 nocieguux IByX HEPaBEHCTB CJICYET, UTO

041042HXH3 < HXH1 < ﬁlﬁQHXH?H

npuiem [152 > ayag > 0. Creposarensuo, ||x||1 ~ ||x]|s.
YrBepxkaenue 4.1.1. Tpu ocrosnvie Hopmv 9KGUCAACHIMIDL.

HokaszaTtenbcTBo. Tak Kak
n

1%/ loo = max|z;| < [jx[[1 =) |zi| < nmax|z;| = nlx]|,
i=1
10 ||X||1 ~ ||X]||00. [TOCKOTBKY

e = macx |z < [x]J> =

n
D a? <\ fomaxe? < Vimax || = Vil |,
1=1

10 [|X||]2 ~ ||X]||00- YTBEPKIIEHUE J1OKA3AHO.
3amauga 4.1.1. JJokaxkute, 4TO

n
xllm = (D lwil)”,
1=1

rie p > 1 — HarTypaJbHOE YNCTIO, aBisgeTcd HopMoii. OHa Ha3bIBaeTCS HOP-
moii I'enbaepa.

S

4.2. Dy1eMeHTbhI TOMOJIOTUN. DKBUBAJIEHTHOCTh HOPM B
KOHEYHOMEPHOM NPOCTPAHCTBE.

HamoMuuM HEKOTOpBIE MOHATHSA U3 (DYHKIMOHAJLHOIO AHAJIN3A.

Onpenenenne 4.2.1. Toopst, uro Ha MHOXKecTBe X oOMmpeaesieHa
CTPYKTYpPa TOIOJOTMYECKOro IMPOCTPAHCTBA, CCIIN 3aJaHa CUCTEMA O
ero MoJMHOKEeCTB, 00J1a/1al01ast CBOMCTBAMU:

1) camo MHOXKeCTBO X ¥ MYCTOE MHOXKECTBO ¢ MPUHAJJIEKAT O;

2) obbeuHeHne JIIOOOr0 YUCTa MHOXKECTB CUCTEMbI 0 TIPUHAJJIEXKAT O

3) nepecedenne JOOGOIO KOHETHOTO TUCTa MHOXKECTB CUCTEMbI 0 TPUHA/I-
JICXKUT 0.

Cucrema o, yaoBierBopsitoliast yeaoBusiMm 1)-3), Ha3biBaeTCsl TOMOJIO-
rueii na MHOXKecTBe X, a COCTABJIAIONIME €€ MHOXKECTBA, — OTKPBITBIMHU B
9TOUW TOMOJIOTUMN.
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[Tapa, cocrosamas m3 MHOKeCTBa X ¥ TOIOJOTHU O HA3bIBAETCS TOIIO-
JIOTUYECKUM IIPOCTPAHCTBOM.

Tononornaeckoe mpocTparcTBo 00bIMHO 0O03HAUatT Yepe3 T = (X, o).
Ecau nonstHO Kakas Ha X BbIOpaHa TOIOJOIHSI, TO YaCTO TOIOJOIHYECKOEe
MPOCTPAHCTBO 0DO3HAYAIOT TOM »Ke OYKBOI X, 4TO U CaMO MHOXKECTBO.

Onpenenenne 4.2.2. OTKPBITO OKPECTHOCTBIO TOYKM I, IPIHA/I-
aexarneii rornosornaeckomy npocrpancrey T = (X, o), HazbiBaercs Joboe
OTKPBITOE MHOXKECTBO, COJIEep:Kalllee TOUKY .

Onpenenenue 4.2.3. Orobparkerne f OJHOIO TOMOJIOIHIECKOTO TTPO-
crpatncrea T = (X, 0) B apyroe S = (Y, 01) Ha3biBaeTcsi HEIPEPHIBHBIM B
TOYKE T, €CJIN IS KaxK/I011 OTKPBITON OKPECTHOCTH O f(;) TOUKH f (x) Hai-
JIeTCA TaKad OTKPbITas OKPECTHOCTh 0 TOUKU &, 40 f(0,) C 0 ().

Jlemma 4.2.1. Omobpascenue f : T — S nenpepverno mozda v moasvko
moezda, Ko2da NOAHBLT NPO0OPA3 A100020 OMEPBIMO20 MHONHCECNEA OMKDPLLIMN.

HoxkazarenbcrBo. Ilycts f — HenpepbiBHOE oToOpaxkenume u G —
OTKPBITOE MHOXKeCTBO B S. Ecan nmosmbiit mpoodbpas G He mycr, TO OH — OT-
KpbiTOe MHOYXecTBO. JleiicTBuTrenbHo, eciu a € f_l(G), TO, MOCKOJBbKY f
HEIIPEPLIBHO B TOYKE @, CYHIECTBYET TaKasi OTKPbITass OKPECTHOCTH O, TOY-
xu a, ato f(o,) C G, me. o, mpunagnexur f~H(G) — nomnomy mpoobpasy
muoxkectsa G. [ockonbky f~HG) = Uses1@) Tas O fYG) — orkphbI-
TOE MHOXKECTBO, KaK 00benHeHne OTKPHITHIX. Ecau moswbii mpoodbpas G —
IIyCTOE MHOXKECTBO,TO OHO OTKPBITO, KOO BXOJUT B TOIOJIOTHIO.

ObparHO, ecan MOoJHBIE MPpoodpas JIIOOro OTKPLITOrO B S MHOMKECTBA,
oTkpwIT, To f (o) — orkpBITOE MHOKecTBO B T, 06pa3 KOTOPOTO COEPKUTCS
B Of(q), T.€. [ — HEIPEPLIBHO.

B kypce pyHKIMOHAJBHOIO aHaJIN3a JOKa3bIBACTCs Clejlytoliee o0o0Ie-
HIe TeopeMbl BeitepmTpacca:

Teopema 4.2.1. Ecau f : T — R — nenpepwvienoe omobpasicerue mono-
nozuveckoz2o0 npocmpancmea T 6 wucrosyro npamyro R, M — xomnaxmmnoe
muootcecmeo 6 T, mo f oepanuveno u docmuzaem c60uxr MOUHBLL HUNCHET
u eeprreti epanet na M.

Kaxk MbI 3HaEM, TOIOIOTHS Ha X MOXKET ObITh 3a/]aHa ¢ IIOMOIILIO OIIpe-
JIEJISTIOIIEH CUCTEeMBI OKPECTHOCTEI.

BepneMcs K paccMoTpennio nmpocTpancTBa [, . Tomongoruio Ha 3TOM mpo-
CTpaHCTBE WHIyIUpPyeT HopMa. Hazorem e-okpecTHOCTBIO a € [, mHOXKe-
ctBo Og(a) = {x € E, : ||x —al|| < ¢}. 9Tn £-0KpecTHOCTH TOPOKIAIOT
ronosioruio B [, . JItoboe muoxectso B [E,, KoTopoe npejicraBuMo B B 00b-
eJIMHEHUs] TAKNX £-OKPECTHOCTE MPH BCEBO3MOXKHBIX a M BCEBO3MOXKHBIX €,
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Ha30BeM OTKPBLITHIM. Tem caMbiM [, mpeBpalaercs B JUHEHHOE TOMOJIOTH-
YECKOe ITPOCTPAHCTBO (Ha caMOM Jiejie, B ero 4aCTHBIA ciy4dai — JIMHeilHoe
HOPMUPOBaHHOE HpOCTpaHCTBo). [Tpocrpancrio K, ¢ HekoTopoit 3ajaHHOI
HOPMOI MOXKHO NPEBPATUTL TaK¥Ke B METPUUYECKOE IMPOCTPAHCTBO, €CIIN BBe-
CTU paccTosinue

p(x,y) = |[x—yll. (4.2.1)

Bamadua 4.2.1. [Iposepbre, uro pasencrso (4.2.1) onpejessier METPUKY.
N3 dbyHKIMOHAILHONO aHAJN3a W3BECTHO, UTO HEMPEPBIBHOCTH OTOOpA-
weunst f : X — Y merpudeckoro mpoctpaHcTBa X B METPUUIECKOE MPO-

CTPAHCTBO Y SKBUBAJEHTHA TOMY, 9TO €CIH T, — T,  Tp,& € X, TO
Fle) = f(z)

Teopema 4.2.2. Omobpascenue || - || : E, — R* asasemca nenpepuis-
HOIM.

HokazaresbcTBO. B cuity cBoiicTB paccrosinusi

‘p(xna 0) - p(X? 0)| < p(Xna X)
(pasHOCTD JBYX CTOPOH TPEYTOJBHUKA HE MPEBOCXOIUT TPETheil cTOpoHbl). B
CHJLY 3TOTO HEPABEHCTBA NPU X, — X OyJIeM UMETh:
p(%n, 0) = p(x,0),
9TO SKBUBAJICHTHO TOMY, 9TO
[1%n ] = []x]].
B cuny 3aMmedanus nepe TeopeMoii 4.2.2 3T0 SKBUBAJEHTHO HEIIPEPBIBHOCTU
HOPMBEL.

Cnenyomuit pesyabrat obodIaer yreepxiaenne 4.1.1.

Teopema 4.2.3 (JIroctepHUK). Bee nopmol 1a e6xA1J060M npocmpat-
CMmee IKGUBAACHMMHL MeHCAY co001.

JoxaszareabcTBo. B cuity Toro, 94To SKBUBAJEHTHOCTH HOPM TpPaH-
3UTMBHA, JOCTATOYHO JOKA3aTh, U4TO Jobas nopma Ha [, sKBuBajeHTHA €B-
Koot Hopme || - ||r7. Pacemorpum mobyro wopwmy || - || Ha epmEnanol
cdepe ||x||;r = 1. Exunnunas cdepa — 3aMKHYTOE OMpaHUUEHHOE MHOMKE-
cTBO, T.e. KoMnakTHoe. 1o Teopeme 4.2.2 || - || — HenpepbiBHOE OTOOpaKeHHE,
caesioBaTebHo, o Teopeme 4.2.1 || - || orpannuena wa equHuIHON chepe un
JOCTUTAeT Ha Heil ¢BOMX HaubOOJIBbIIero M HauMeHbIIero 3uadenuit. Jus so-
O0ro HEHYJIEBOI'O BEKTOpa, X BEKTOP m JIEXKAT Ha, eJIMHUIHON cdepe, 1mo-
CKOJIBKY HmH 17 = 1. CrenoBaresbho, HaiiayTes uncia « u [ Takue, 9To
a < Hmﬂ < B. Ilpu sTom o > 0, MOCKOMBbKY BCe 3HaveHNU || - || Ha eauand-

HO¥ chepe CTPOro MoJIOXKUTEJbHBI U OJHO U3 HUX 00s13aTEJILHO JIOCTUTAeTCs.
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Taxum obpazoMm, s JF0O0r0 HEHYJIEBOI'O BEKTOPa
afx[|rr < [Ix]| < BlIx||r-

s BekTopa, 0 9TO HEPABEHCTBO BLINOJIHSIETCS, TaK KaK BCE TPU €ro YaCTH
00OpAIAIOTCs B HOJIb. 3HAYMT, JiFobast HOpMa SKBUBaJeHTHA HOpME || - |17
Teopema jokazana.

Tak kak Bce HOpMbI B IE, 3KBUBAJEHTHBI, TO W3 CXOAUMOCTH X, —
X, X, X € E,, B oiHOIl HOpME (METPUKE, TOMOJOTUY) CIEYET CXOUMOCTD
B JII00OI IpyToii HOpMeE (MeTpI/IKe, TOHOJIOI‘I/H/I). HeiicTBUTEIBHO, €CITN X,, — X
B HopMme || - ||1, T.e. ||xn — x||1 — 0, T0 MOCKOMBKY ||X, — X||2 < B]|x,, — x||1,
10 U ||X, — X|]2 = 0, T.e. X, — X B HOpM™ME || - ||2. Tak kak cxommmocTb
B eBKJIMJIOBOI METpWKE SKBHBAJEHTHA TMOKOOPAWHATHOW CXOJUMOCTH, TO W
J00ast CXONMMOCTD SKBUBAJIEHTHA [TOKOOPIUHATHON! CXOAUMOCTHU. BCIIOMHNM
CHOBa, 9TO HEmpepbhiBHOCTH orobpaxkenusi f : X — Y wmerpuueckoro mpo-
crpaHcTBa X B METPUYECKOE IIPOCTPAHCTBO Y SKBUBAJEHTHA TOMY, UTO €CJIH
T, >z, Ty, r € X, 10 f(2,) = f(z). U3 cKa3aHHOTO BBIIIE BBHITEKAET, ITO
nenpepbiBaast dyukuus f @ E, — R B awboii Hopme (Merpuke, Tomosorum)
OCTAHEeTCsI HEeIIPepBhIBHON M B JII00OI NIpyroif HOopMme (MeTpI/IKe, TOHOJIOI‘I/H/I).
Urak, cxommMocTh 1 HempepbiBHOCTH B I, WHBapMaHTHBI OTHOCUTEIHHO BbI-
6opa Tomnosioruu B IE,.

4.3. CKaadgapHOe Npou3BeJieHNe.

[Tycts E,, — n-MepHOe JinHeitHOE IpocTpaHcTBO HaJl nojeM P. Haunbosee
BaXKHBIMU JIJIsl IPUJIOXKEHUI sIBJISIIOTCs CJlydau, Korga noje P cosnajgaer ¢
oJIeM JIeHCTBUTENLHBIX drces R u Korga — ¢ mosieM KoMiniekcHbix uncen C.

Hanomnum, 4ro geficTBUTEIbHBIM €BKJINIOBBIM IIPOCTPaHCTBOM
R" naspiBaeTcs JefiCTBUTEILHOE JIMHEHHOE IPOCTPAHCTBO, B KOTOPOM OIpe-
JIeJIEHO CKAJISIPHOE TIPOU3BeaeHne, 1.e. orobpaxenue (.,.) : R*xR" — R,
Ha3bIBAEMOE CKAJISPHBIM IMPOM3BEIEHNEM, €CJIM OHO YIOBJIETBOPSIET CJIe-
JYIOIIAM aKCHOMAM:

L. (x,y) = (y,x).

2. (Ax,y) = A(x,y), AER

3. (x1+x2,y) = (x1,¥) + (X2, ¥)-

4. (x,x) >0 Vxu (x,x) =0 Torma u ToIbKO TOT/A, KOrua X = 0.

Eciu z1,z9,...,2, ¥ Y1,Y2, ... ,Yn — KOOPAMHATHI BEKTOPOB X Uy CO-
OTBETCTBEHHO, TO

(X7 Y) =x1Y1+x2y2 + ... + TpYp.
Bce mpocrpancrsa R" nzomopdub! apudMerniecKoMy eBKIIII0BY IPOCTPaH-
CTBY, B KOTOPOM BEKTOpa Oy/IeM MPeICTaBIsSITh KaK CTOJIOIbI ¢ €CTECTBEHHBIM
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oIpeieSIeHueM OIepalnii HaJl HUMA. B MaTpuuHbIX 0003HAYEHIIX

T
X = 2 = ($1,$2,... 7$n)T7

\ 2,/
rjie T — onepaliyst TPaHCIIOHUPOBAHUS MaTpPUIlbl. B MarpuiHbix 0003HaTE-
HUAX CKaJIHpHOG HpOI/ISBe,ILeHI/Ie 3alTUIIETCHA KaK
T . T
(x,y)=y z=2z"y.
JuHOi MM HOPMOII BEKTOpa B €BKJIUJOBOM BEIECTBEHHOM MPOCTPAHCTBE
HaA3bIBAETCA YUCIIO

1x[] = V/(x,x) = VxTx =

T.e. ||x|| = ||x||;r — BBemennas Boie cdepuueckas M €BKINIOBA HOPMA.

[IpuBegeM onpeaenenne CKaJIsspHOrO TPON3BEICHNA B KOMILIEKCHOM KO-
HEYHOMEPHOM JiuHeiiHoM npocrpancTse. [Tycrs C" — KOMILIEKCHOE €BKJIN-
JIOBO IIPOCTPAHCTBO, T.¢. KOMILUIEKCHOE N-MEPHOE JTMHEHOE TPOCTPAHCTBO
CO CKAJISIPHBIM IIPOU3BEICHUEM.

Omnpenenierne 4.3.1. Orobpaxenue (.,.) : C" x C" — C nasbiBa-
eTCsl CKAJIAPHBLIM IIPOU3BEIEHNEM, ¢CJIN OHO YAOBICTBOPSCT CJICIYIOIM
AKCHOMAM:

1. (x,y) = (y,x) (31ech uepra 03HaYAET MEPEXOJ K KOMIIJIEKCHO COTIPSi-
YKEHHOMY THCITY ).

2. (Ax,y) = A(x,y), AeC

3. (x1+X2,y) = (x1,y) + (X2,¥).

4. (X,X) — JeficTBUTESIbHOE HEOTPHUIATENbHOE TUCI0 VYV X, mpudem
(x,x) = 0 Torya u TONLKO TOryIA, Korja X = 0.

U3 akcuom 1 u 2 cremyert, 9TO

(x,2y) = (Ay,x) = A(y,x) = A (y,x) = Alx,y).

Kpowme Toro,
X, y1+¥y2) =(y1+y2,x) = (yi,x) + (y2,X) = (x,¥1) + (X, ¥2).
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JlauHoi nim HOPMO# BEKTOPa, B €BKJIUI0BOM KOMILJIEKCHOM MPOCTPaH-

CTBE Ha3bIBACTCS YUCJIO
x| = v/ (%, ).

BekTophl X 1y Ha3bIBAIOTCsI OPTOTOHAJIBHBIMUA, eciin (X,y) = 0. Op-
TOTOHAJIbHBIM 0a3MCOM B KOMILJIEKCHOM €BKJIMJIOBOM IIPOCTPAHCTBE HAa3bI-
BaeTCsI COBOKYITHOCTH M TIOMAPHO OPTONOHAJBHBIX HE PABHBIX HYJIIO0 BEKTOPOB
€1,€s2,...,e,. Tak ke, KaK U B CIydae BeleCTBEHHOI'O eBKJIMI0BA IPOCTPaH-
CTBa MOXKHO JOKa3aTh, 9TO 9T BEKTOPI IMHEHHO HE3aBUCUMBI, T.€. 00Pa3yIoT
bazuc. CyiecTBoBaHIE OPTOTOHAIBLHOIO DA31Ca B KOMIIJIEKCHOM €BKJIMI0BOM
IIPOCTPAHCTBE JIOKA3BIBACTCS TOUHO TaK K€ C IIOMOIIBIO IPOIEcca OPTOroHa-
JIN3AIMN, KaK ¥ B BEIECTBEHHOM €BKJINJIOBOM ITPOCTPAHCTBE.

BreipasuM ckaJisipHOe TPOM3BEJIEHNE JIBYX BEKTOPOB X U Y Uepe3 UX KO-
OP/IMHATHI B OPTOrOHAJILHOM HOPMHPOBaHHOM Dasuce (T.e. Bce BekTOpa Ha-
3UCa eJMHUIHON II‘JII/IHBI). [lycth X = x1€1 + T9€2 + ... + €, Uy =
yi1€1 + Yoz + ... 4+ y,en — pasiokKeHusi BEKTOPOB 110 droMmy 6asucy. [lob-
3ysICh AKCUOMaMU M CBOMCTBAMM CKAJISIPHOTO MPOU3BEJICHNS, YIUTHIBAsT TOT
dakT, uro (ej,e;) =0 npu i # j u aro (€, €;) = 1, momy«nm:

(x,y) = (z1€1F+ 2282+ . .+ Tp€n, Y1€1+Y282+. . . +Yn€n) = T1Y1+T2Yo+ . -+ TnYp-
B mMaTpuaHbIX 0003HAUEHUSIX
(X,¥) =y'xX=21Y; + T2¥p + - .. + Ty
3/1eCh * — omepalns B3sSITHsT COMPSXKEHHON Marpuiibl. I1pn 9roM KOMILIEKC-
Has Marpuna A* HazpIBaeTCs COmpsKeHHON K MaTpuile A, ecin oHna mosyda-
eTCsl U3 MaTPUIILl A ¢ TOMOIIBIO €e TPAHCIIOHUPOBAHUSI U 3aMEHbI B TTOJIY Y€H-
HOII MaTpHIle BCEX JIEMEHTOB KOMILJIEKCHO CONPSI>KEHHBIMK K HUM 3JIeMEeHTa-
MU, T.€.

A=A = AT,

Tax Kax MbI JIOTOBOPMIMCHL PACCMATPUBATH BEKTOPA KAK BEKTOPa-CTOJOIEI,
T _ . (o — _
TO, B 9aCTHOCTH, ¥ = (Y1,Y2,--- ,Yn);, Y = (U1,Y2,--- ,Yn) ¥

(4,

n
% _ _ T _
vz =Ll 0 | | =D ww
1=1

\z./
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Jnuna BeKTOpa X

X[l =V (x,%x) =

T.e. COBIIAJAET C BBEJEHHON paHee cdepuiecKoil WU 3PMUTOBON HOPMOI
1|7z

B nanbneiiem OyaeMm obosnadarh depe3 K" eBKJIMIOBO IPOCTPAHCTBO
HaJ mosiem P, rie P — yimbo nosie komtuiekcabix uncen C, t.e. P = C, gubo
noJie JIeHCTBUTENbHBIX unces, T.e. P = R.

4.4. Hopma mMaTpuribI.

Hopwma MaTpuipl MOXKeT OBITh BBeJIeHA PA3JTHIHBIME CIIOCODAMMU.

Cnocob 1. PaccmarpuBast TpsiMOYTOJIHHBIE M X N-MATPUIHI KAK BEKTOPA
B M X N-MEPHOM MPOCTPAHCTBE, MOXKHO OINPEIEINTh HOPMY MATPHUIHI KaK
HOPMY COOTBETCTBYIOIIEro BeKTopa. [Ipu TakoM mozaxojie 11t MaTpuipl A =

(aij), i=1,m, j=1,n, BBOAATCS TPU OCHOBHBIE HOPMBI:

m n
1) ||Allr = Z Z laij| — oxTadmpUUecKasd;

i=1 j=1

m n
2) |Allr = ZZ aij|> — cdepuueckas;

i=1 j=1

3) ||A]ls = vVmn rrzlax\aij\ — mn — HOpMA.
)
OcrajibHble HOPMbI HA3bIBAIOT BCIOMOIATEIbLHBIMH.
Cnoco6 2. PaccMOTpuM MIPOU3BBOIBHYIO M X n-MaTpuily A ¢ smementamn
3 nonst P, rme P = C wim P = R. Marpume A coorBeTrcTByeT JTHHEHHBIH
orieparTop

y = Ax (4.4.1)

n3 npocrpancTa E* B npocrpanctso E™. Ecan B npoctpancrBax E* u E™
BBLIOpAHbI HEKOTOpLIE DA3UCHI €1, €o, ... ,e, u f1,fy, ...  f, coorBeTcTBenHO,
10 JmHelHbI oneparop (4.4.1) Gyer uMeTh m X n-MaTpuiLy

A = (Aey, Aey, ... , Aey).
Ha (4.4.1) MOXHO CMOTpeTb Kak HA MATPUYHOE DABEHCTBO, TIe X =
(1,72, ,z) T vy = (yi,¥2, .- ,Um)T — BEKTOPaA-CTONOIHI KOOPAWHAT
BEKTOPOB X M y COOTBETCTBEHHO B BBHIOPAaHHBIX Dazucax. bosee moapobHO

Y1 = a11r1 + a2 + ... + a1,y

63



Yn = Qp1%1 + @22 + ... + Qpp Ty

Takum obpaszom, ecau B npoctpanctBax E' n [E™ ¢urcupoBaHbl HEKOTO-
pbie 0a3uChl, TO MEXJy M X N-MaTPpUIAMKU U JIMHEHHBIMU ONEpPaTOpaMu
A E" — E™ ycranapinBaeTcs: B3AaUMHO OJHO3HATHOE cooTBeTCTBHE. [109TO0-
My HOPMO# MaTPHUIIbl MOXKHO CUUTATH HOPMY COOTBETCTBYIOIIEI'O JIMHEHHOIO
orepaTopa. BemoMunas ompeesernne HOpMbI JTHHEHHOTO OTepaTopa, TpPUXo-
JIUM K CJIeJIYIOIIEeMY OIpPeJIe/IeHUTO.

Omnpenenenue 4.4.1. Hopmoii npsimoyronbHoit m X n-marpuibl A Ha-
3BIBAETCS TUCIIO

Ax
jAl = sup MAXller o ax e, (44.1)
xeBnx20 |[X|[Bn xflen=1
vie || - ||gn, ||-||g= — #HOpMBI BekTOPOB B MpocTpancTeax E" u E™ coorser-

CTBEHHO.

Kak BuiHO U3 ompejie/ieHust HopMa, m X n-MaTpuilbl A ompenensercs Kak
caMoil MaTpulel, TaK U TeMU BEKTOPHbBIMU HOPMAaMU, KOTOPbIE BbIOpaHBI B
npocrpancrax K" u ™. [Ipu uzmenenun 3Tux HOPM M3MEHSIETCS U HOPMA
MATPHIIBI.

C mesbio COKpaIlleHWsT 3alicyl B JaJbHeieM He OyieM yKa3biBaTh K
kKakomy m3 mpoctpancT K" miam E™ orHOCHTCS BekTOpHasg HopMa. Torma
pasencTBo (4.4.1) nepenuiercst Kak

[ | — ) (4.4.2)
x20 | |X|| |Ix||=1
Paccmorpum cBo#icTBa, MAaTPUUHON HOPMBI.
Ceoticmeo 1. ||Al| > 0, npuyem ||A|| = 0 mozda u moavko mozda, xozda
A=0.
Hokaszarenabctso. U3 (4.4.2) sugno, aro ||A|| > 0.
[Tycts A = 0, Torga Vx € E" soinonaurces Ax = 0, snaunt, |[Ax|| =0,

orkya ¢ yaerom (4.4.2) ||A|| = 0.
O6patno, mycts ||A]| = 0, Torma u3 (4.4.2) ||Ax|| = 0 Vx # 0. Ho,
ouennHO, ||AO|| = 0. Urak, ||Ax|| =0 Vx, orkyma A =0 (nouemy?).
Ceoticmeo 2. ||AA|| = |A| ||A|| ¥V A € P. (mamomunm, aro P = C umn
P=R).
HokaszareabctTso. B cmry (4.4.2)
Il = s, 3] = sup (] 1x]) = Al sup 4] = 3 4L

[Ix[|= [Ix[|=1 [x[|=1
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Ceoticmeo 3. ||A+ Bl| < ||A|| + || B||-
HoxkasaTeabcTso. [Ipu onpegenenun HOpMbl MaTpuilbl (4.4.2)
|A+B|| = sup [[(A+B)x|| < sup (||Ax[[+][Bx||) < sup |[Ax||+ sup ||Bx|| = |[A]|+]]]
|Ix[[=1 |Ix[[=1 |Ix[=1 |Ix[[=1
Ceoticmeo 4. ||Ax|| < [|A]| - |[x]]-
HdoxasartreusubcTso. [lo croiictBam TOUHON BepxHeil rpaHu u3
onpejenenns 4.4.1 cieayer, ato st X # 0

|| Ax]|

< [14]]

1| ’
T.e. s X # 0 peitcrurensio Buimonusercs ||Ax|| < ||A]] - ||x||. Econ xe
x = 0,10 Ax = 0, re. ||Ax|| = 0 u ||x|| = 0, r.e. moKasbIBaeMOE HEPABEHCTBO

TaK>Ke BBIITOJTHSIETCS.
Csoticmeo 5. Ecau p X n-mampuua B : E" — EP, a m X p-mampuua
A: EP — E™, mo

1ABI[ < [|A][ - [IBII-

JoxkaszaTenncTBo. Bcamom mene, monb3ysach CBOWCTBOM 4,
OJIY THM

|AB|| = sup [|ABx|| < sup [|A[|[|Bx|| = |[A]| sup [|Bx|| = [[A]]-||B]|.
|Ix[=1 |Ix[[=1 |Ix[[=1

Cnocob 3 (axcuomamuyeckud). Yacro HOpMY MATPUIIBI BBOJSAT ¢ TTOMO-
o akcuom. Ilyers M(m, n) — MHOXKeCTBO BCeX m X n-MaTPHUIL HAJI OJIeM
P (P=Cwm P=R).

Omnpenenenne 4.4.2. Orobpaxenue ||-|| : M(m,n) — R" naspiBaercs
MATPUYHOU HOPMOM, €CJIi OHO MOJUYUHSAETCS CIEYIONUM aKCUOMAaM:

1. ||A]] = 0 rorga u Tosnbko Torma, korga A = 0.

2. |[AA|| = M||A]] ¥V A e P.

3 1[4+ Bl < ||All + ||B]]

4 |[4B|| < ]| - 18]

B cuiy cBOMCTB HOpMBI MATPHIILI, BBEJEHHON ¢ moMolbio "omepaTop-
noro" onpenenenus 4.4.1, Takas HOpMa, YIOBJIETBOPSET aKCHOMATHICCKOMY
onpenenennio 4.4.2.

Onpenesienne 4.4.3. Marpuunasi Hopma || - ||y u BekropHasi HOpMa
| - ||z HasbIBaIOTCS COrIaCOBAHHBIMU MEXKy COOOIA, eciu

[ Ax[ls < [[A]f - [l

OueBnano, 9TO0 MaTpuuHas HopMa 'omeparopHoro' ompenenenus 4.4.1
COIJIACOBaHa C BEKTOPHOI HOPMOW, (pUTYPUPYIOIIEH B 9TOM OIPEJICJICHUN.
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st y11000# BEKTOPHOI HOPMBI BCErJla CYIIECTBYeT MaTpHUUHAs HOPMA,
corylacoOBaHHAs ¢ Heil (HampuMmep, MaTpudHas HOpMa u3 onpejenenus 4.4.1).
ObparHo, J1s1 000 MATPUIHONW HOPMBI CYIIIECTBYET COTJIACOBAHHAs ¢ HEif
BEKTOpHas HOpMa. /locTaTouHo B3ATh Ty »Ke HOPMY Y BEKTOpa, KoTopast Opa-
Jach y MaTpuibl (Bejb BEKTOp — 910 Marpuia pasmepa n X 1). Torja sru
HOPMBI COIJIACOBAHBI B CHJIy aKCHOMBI 4 ompenenennd 4.4.2. Vtak, cnpaBe-
JIUBA, CJIeIyTOIast

Teopema 4.4.1 (JIroctepuuk). /as 0601 eexmopnoti nopmos cyuie-
CMBYEM, CORAACOBAMNAA C HET MAMPUIHAL HOPMA, 0 OAA N1000T MAMPUYBHOT
HOPMbL CYULECTNBYEM, COAACOBANMHAA C HET BEKMOPHAA HOPMA.

Ormerum, ato ocuoBubie MaTpudnsie Hopmbl || - |7, || - ||lrr, || ||
HE COBITAJAIOT C MAaTPUYHBIMU HOPMaMM, COTJIACOBAHHBIMU C BEKTOPHBIMU
nopsanas || [lr, 11+ 5, ||+ o

Omnpenenenne 4.4.4. Marpuanbie HopMmbt || - ||1 u || - ||2 HaspiBatoTCA
9KBUBAJIEHTHBIMM, €CJII CYIIECTBYIOT IOCTOSHHBIE 5 > « > 0 Takue, 9TO
JUIst 10001 MaTpuibl A

al|Ally < [[Allz < BlIA[|-

To, 4T0 3TO OTHOIIIEHNE YKBUBAJIECHTHOCTH, JIOKA3bIBACTCS TOYHO TaK XKe,
KaK ¥ JIJISI BEKTOPHBIX HOPM.

Kakum 0bI criocoboM Hu Obliia, BBEJieHa, MaTpPUUHAsi HOPMa, OHA, MOXKET
B KOHEYHOM CUeTe pacCMaTpPUBATLCS KaK HOpMa BeKTopa B E™" MOCKOILKY
IpHU JIOOOM O/IX0/1e OYIYT BBIIOIHSITHCS aKCHOMbBI HOPMBI BeKTopa. IloaTomy
u3 TeopeMbl 4.2.3 BhITEKaeT

Teopema 4.4.2 (JIroctepHuk). Jobve dee mampuunoie HOPMbL FKGU-
GANECHMHDL.

Korna paccmaTpuBajach CXOIUMOCTD MOCIEI0BATEILHOCTH MaTPHIL, OHA,
orpeJiesisijach KaK MOKOOP/IMHATHAS CXOJMMOCTh. TaK KaK TaKas CXOJUMOCTD
9KBHUBAJICHTHA CXOJUMOCTHU IO chepuueckoit HopMe, a 1o teopeme 4.4.2 cxo-
JINMOCTh 110 c(hepruvecKoil HOpMe SKBUBAJEHTHA, CXOAUMOCTHU 110 JIFOOOI Ma-
TPUYHON HOPME, TO B ONPEJICJIEHUN CXOJIMMOCTH MOCIE0BATEIbHOCTH MATPHI]
MOKeT OBITH B3sITa JI0Dasi MaTpUUIHAs HOpMA.

Paccmorpum crienudprieckrie cBORCTBA HEKOTOPHIX MATPUIHBIX HOPM.

Onpenenenne 4.4.5. Eciu A, Ao, ... , Ay — Bce cOOCTBEHHBIE 3HAUCHUST
KBaJIPATHON MaTpuIbl A, TO IUCIO
R = max(|A1], | A2|, - -, |As])

HA3bIBAETCs CIIEKTPAJIBHBIM PaJgUyCOM MaTPHUIBI A.
Csoticmeo 1. Mampuunaa Hopma K6adpammoti MaGMPULLL HE MEHDULE EE
CNEKMPAALHO20 PAOUYCE.
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HokaszaTeabcTso. B cuny reopembr 1.1.2 151 /110001 KBapaTHOM
MATPHUIIBI CYIIECTBYET COOCTBEHHBIN BeKTOP. [IycTh X — coOCTBEHHBII BEKTOD
A, cOOTBETCTBYIOINI COOCTBEHHOMY 3HAYEHUIO A:

Ax = Ax, x#0.
[To Teopeme 4.4.1 g5 1000 MATPUIHON HOPMBI CYIIIECTBYET COIVIaCOBAHHA
c Hell BeKTOpHas HopMa. Bribepem ee. Torna

1Ax[ls = []Ax[le = [A[lx]]s < [[Al]ul[x]]o-
Tak kaxk x # 0, 10 ||x||; > 0. [Tosromy ||A||y > |A|- Tak kax 310 HEpaBeHCTBO
BBITIOJTHSIETCS JJTsT BCeX COOCTBEHHBIX 3Hauenuit, o ||Ally > R.

Ceoticmeo 2. Cepuneckas nopma xeadpammoti mMampuyv, nodcuumoi-
saemeAa no popmuyae

|Al|lrr = /tr(A*A) = \/tr(AA*),

rje tr — cJieJl MaTPUIIbI, PaBHBIA CyMMe ee JTHaroHaJbHBIX 3JIEMEHTOB.

DTO CBOMCTBO MPOBEPSIETCsT HEMOCPEICTBEHHBIM TIOCIETOM.

B wactaocTu, eciin U — KoMIUTeKCHast yauTapHas Marpuia (t.e. UU* =
E, rie E — equuudnas MaTpulia) Wik JIeHCTBATEIbHAS OPTOrOHAbHAS Ma-

rpunia (T.e. UUT = E), 10

|Ur1]] = v/n.

Onpenenenne 4.4.6. Marpuunass HOpMa KBaJIpaTHON MaTpPHIIbI, TMO-
CTPOEHHasT 10 BEKTOPHO# HOpMe ¢ momoIpio "oneparoproro" omnpepenerust
4.4.1, Ha3pIBaeTCA MOMYMHEHHON 3TOil BEKTOPHOII HOopMe. Marpuunas
HOpMa, MOJIUMHEHHasi c(epuuecKoil BEKTOPHOI HOPME, Ha3bIBaeTCs CIEK-
TPaJIbHOM.

Csoticmeo 3. Cnekmpasvnas HOPpMa OPMO20HAALHOT MATMPULLL PABH

Hoxkaszareabct s o. OproroHadbHONl MaTpuile COOTBETCTBYET
OPTOrOHAJIbHOE JIMHEITHOE TPeodpa3oBaHie, KOTOPOe COXPaHSeT JITUHbI (HOP-
MbI) BeKTOPOB, T.¢. ||UX||rr = ||x||r7. CrenoBarenbro, cnekTpaabHas HOpMa
OyzerT paBHa

U], = sup LT —
x#0 ||x|[r1

Ceoticmeo 4. Cnexmpaivian Hopma MAMPUbE HE MEHAETNCA NPU YMHO-
ICENUU, €€ CALBA UAU CNPABA NA OPTOZOHAALHYIO MATNDULY.

HJoxkaszarTedabcTB o [Jokaxkem Jiisi YMHOXKEHUsI CJI€Ba; JJIs
YMHOXKEHHsI CTIpaBa. IOKA3aTebCTBO aHagornano. Ecin U — oproronambHast
marpuiia, To U~ takxke oproronannua. ITo ceoiicrsy 3 ||Us|| = |[U7Y ], = 1.
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[TosTomy
1UA|ls < IUIIsIIAlls = |Alls = [UTUAls < [JUTHNT AL = [[UA]s,
orcya [|UA]], = [|A]],

Omnpenenenne 4.4.7. CunryaspHbiMu uncaamu Marpunbl A (He
00s13aTeJILHO KBAPATHO ) HA3BIBAIOTCS KOPHU KBaJIPATHBIE U3 COOCTBEHHBIX
3HavdeHuil MaTpuihl A*A.

st mroboit TpsiMOyTOIBHOM MaTpuIihl MaTpuiia A* A sBisercs kBagpat-
Hoit. KBagparnas marpuna B Ha3biBaeTcs 3PMHUATOBOM, ecin B = B*. [l
JII0DO# KBaJIPATHON MaTPUILbI

(Ax,y) = y"Ax = (A%y)"x = (x, A%y).
BHavuT, I SpMUTOBON Marpuisl (BX,y) = (X, By). B uacrnocru, npu
X=Yy
(Bx,x) = (x, Bx) = (Bx, x),

T.e. JIJIsl SPMUTOBON MATPHUIIBI CKAJsIpHOE TIpou3Beienne (BX, X) — JIeilcTBu-
TesibHOE unciao. Ha camowm nese,

n n
* _
(BX,X) =X Bx = E E bijxixj
i=1 j=1
eCTb KOMILJIEKCHasT KBaJIpaTuuHas (pOpMa OT X1, L2, . .. , Tp.

DpMHUTOBaA MaTpUIa B Ha3bIBAETCSI HEOTPUIIATEIBHO OIIPEeaeIeHHOI,
ecJii JIIst BeeX BeKTOpoB X umeeM (Bx,x) > 0. Bee cobcrBennble 3HavMeHMst
HEOTPUIATESLHO OMPEIEIEHHON SPMUTOBOM MATPHUIILI HEOTPUTIATETHHDI, TTO-
CKOJIbKY

(Bx,x) = (Ax,x) = A\(x,x) > 0.

I3 kypca aaredpbl ©3BECTHO, UTO BEIIECTBEHHYIO CUMMETPUYIECKYIO MK
KOMILIEKCHYIO 9DMUTOBY MATPHUILY (SIBJISIONLYIOCS MATPHUIECH KBaJIPATHIHON
(HbOPMBI) MOXKHO € TIOMOII[HI0 OPTONOHATBHON MATPUIIBI MJIH C TTOMOIIBIO Y HI-
TAPHON MaTPUILI IPUBECTH K JUATOHAJIBLHOMY BHY, IPUUEM Ha JUAlrOHAJIN
CTOAT COOCTBEHHBIE 3HAUCHUS (KBaJpaTUIHYIO (OPMY MOXKHO TPUBECTH C
MIOMOIIIBIO OPTOTOHAJIBLHOIO WJIM YHUTAPHOI'O MPeodPas3oBaHusi K CyMMe KBa-
IpaToB, rae Ko3hPUINeHTH Iepel KBaJpaTaMi COBIIAIAI0T ¢ COOCTBEHHBIMA
sHaueHusivMK ). Ecin K ToMy ke Marpuiia HEOTPUIATEJbHO OlpejeeHa, TO
Ha JIHATOHAJN OY/yT CTOSTH HEOTPHUIATENbHBIE duCTa (KOIDMUIMEHTDI TTe-
peJi KBajipaTaMi HEOTPHIATEbHbI ).

B onpenenennn 4.4.7 kBagparnas marpuia A*A — spMuTOBa, TaK Kak

(A*A)* = A*(A%)* = A*A,
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1 HEOTPHUTIATEJBHO ONpeieeHa, MMOCKOIbKY
(A*Ax,x) = x*A* Ax = (Ax)*Ax = ||Ax||* > 0.

3unaunt, cobcTBennble 3Hadenns A* A neoTpunaTeIbHbI U CUHTYJISPHBIE THCIA
B onpeaenennn 4.4.7 neficTBUTELHBI 1 HEOTPHUIIATEIHHBI.

Csoticmeo . Cnexkmparvhas HOPMaG MAMPULDBL PABHA €€ MAKCUMANDHO-
MY CUHRYAAPHOMY YUCAY.

HdoxaszaTenbctso. [Iyctb U — oproronajbHas B BelleCTBEH-
HOM CIydae W YHUTApHAasl B KOMILJIEKCHOM CJIydae MaTpuia Takas, aro A*A
MPUBOJIUTCS K JUATOHAJBHOMY BHUIY € roMorbio U:

[\, )

U* A* AU = _ ,

\ M)

rie A, Ag, ..., A\, — cobcTBeHHbIe 3HaUeHUsT A*A, KOTOpBIE HEOTPHUIATEH-
HBI.

[Tycts x u & — BekrTopa-crosibus 1 x = UE. Torma & = U*x. Ecnn,
£=0,170x=0,aeccoux =0, 10 =0. Urak, £ # 0 Torga TOILKO TOT/A,
korga X == 0. [Toatomy

A 2 Ax||? Ax)*A *A*A
HAH? = ( sup 7” XHII) = L X|2‘II = u 7( XZ X = Su 7}( . X =
|1x|| 7770 x| 11 |1x|| 7770 HXHH IIx|[rr20 XX Ix|[;£0 XX
. U A AUE sup ME 4+ .+ N E2
lelazo &€ leluzo &+ + &
[Tycts ¢ € {1,2,...,n} takoBo, uto \; = max(A1, Ag, ... , A,), OYEBUJIHO,
p p
§+...+&;

B To e BpeMs 1 HEHYJIEBOI'O BEKTOPa ¢ KOOPAUHATOM & = 1 M OCTAJbHBIMA
KOOp/InHaTamMu, paBHbiMU ()

g+...+ "
Crenoarenbho, ||A||? = i, me. [|A||s = Vi, 3HauuT, criekTpasibHast HOpMa
Marpulibl A paBHa ee MaKCUMAJLHOMY CHHTYJISIPHOMY YHCILY.
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I'maBa 5. MaTpuripl crieiqmaJbHOTO BHUIA.
5.1. TpeyrosbHbIE MATPUIIHI.
Marpuna A naspiBaeTcs IMpPaBOil WM BepXHeEil TPeyroJIbHOM, ecin
aij:0ﬂﬂﬂi>j,
U JIEBOUM W1 HUYKHEN TPeyroJIbHOM, ecn
aij:0ﬂﬂﬂi<j.

Tpeyrosibuble MaTPHUIbl 00JIAJAI0T PsiIOM 3aMedaTebHbIX CBOWCTB, B
CNJIy KOTOPbLIX OHM O4YE€Hb HNIMPOKO MCIIOJB3YIOTCA B ITOCTPOEHUN CaMbIX Pa3-
JITYHBIX METOJIOB pPElIeHHs 3aJ/1a4 aJreOpantieckoro xapakrepa.

1. Cymma u Mpou3BejieHre OJIHOMMEHHBIX TPEYTOIhHBIX MATPHUIL €CTh TPe-
yroJbHas MaTpPHUIla TOTO Ke HauMEeHOBAHUSI.

2. Onpegenurenb TPEyroabHON MaTPUIIBI PaBeH MPOW3BEICHWIO JINAro-
HAJIbHBIX 3JIEMEHTOB.

3. CobcTBeHHDBIE 3HAUEHUST TPEYTOJHHOW MATPHUII COBIAJIAIOT C €€ Jha-
FOHAJbHBIMU JIEMEHTAMH.

4. ObparHast MaTpuUIla JJis TPEyTroJbHOI MaTPHIILI, B KOTOPOil Bece Juaro-
HAJIbHBIE 9JIEMEHTHI OTJINIHBI OT HYJIsI, CYIIECTBYET U SIBJIACTCS TPEYTrOJIbHOM.

Mo>KHO /11 pa3JIOXKUTH KBAJPATHYIO MATPHUILYy B IIPOU3BEICHUE JIBYX TPE-
yroabubix? Jlomyctum, 910

(

ai1 a2 as by 0 O c11 Ci2 Ci3

= . d.1
az1 a2 as3 b21 622 0 0 Co22 (23 (5 )

\a31 as as3 \531 bz b33 \0 0 ¢33
[IpupaBHUBast COOTBETCTBYIONINE JJIEMEHTHI STOMO PABEHCTBA, MOy UMM

aj; = bnicrr,  app = b,  aiz = brcs,
a1 = barci1,  agy = barcia + baacaa,  azs = barciz + baocos,
asy = bsicsy, asy = b3jcia + b3acoa,  ass = bsicis + bsacas + bsscss,

OTKYy/Ia, Ipeanoaaras, 9to byijciibaaces # 0, momyaum

. ar Gy a3
11 — 77—, 12 — 7, 13 — 77—,
b11 b11 b11
_an _as _az — by
byy =—, bs1=—, cpp=-—"—7—"7,
c11 11 b2
. _az3 — bacs _agy — byacya
bszcaz = asz — b3ic13 — b3acag, Co3 = —————, byg = ————.
bao 22
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OTcroa BUJHO, UTO 3a/1aBas MPOU3BOJbHBIM 00pa3oM by #£ 0, bog # 0, MBI
OJIHOZHAYHO BBIPA3UM BCE SJIEMEHTHI MaTpHI| B mpaBoil dactu (5.1.1) wepes
9JIeMEeHThI MaTpuIlbl A, Kpome bgz 1 €33, KOTOPBIE 38,1a€M IIPOU3BOILHO, JINIID
OBI 633633 — ass —1)31613 —1)32623. MT&K, ecjin 1)11611622622 # 0, TO CIIpaBeIJINBO
paznoxenue (5.1.1). Kakue ycioBusi HaJlo HAJTOKUTH, 4TOOBI byici1boacay #
07 Tak kak aj; # 0 Toryja M TOJABKO TOrMa, Korma bijci; # 0, TO ocTaeTcs
MOCMOTPETh, KOrjIa baocog # 0. Ob03HATUM

ail a2
Ay =an, A=
az1 a2
Beegem ananornanbie obo3uadenus st matput, B u C. Eciu (5.1.1) Bbimos-
HSIFOTCsl, TO HETPYJHO BUjeTh, 4T0 Ay = ByCh. Ho rorya |As| = |Bs||Cy| =

blleQCHCQQ. HOSTOMy, eCcJin |A1‘ 75 0, ‘A2| 75 0, TO blleQCHCQQ 75 0. I/ITaK,
CIIpaBeJInBa
Teopema 5.1.1. Ecau

a a

az a2
mo cnpasedauso pazrosicenue (5.1.1).
D1a Teopema JIerko 00600IAeTCst Ha, MaTPHUIIHI JIIOOOTO MOPsijIKa.
Teopema 5.1.2. Kakosa 0vi vu 6viia keadpamnas mampuye A = (aij;)
nopAIKG N € OMAUNHBMU O HYAA 2AAEHBMU MUHOPAMU

ar a12 cee a1n—-1
ailp a2 a21 a22 s a2 n—1
a1 #0, £0, ..., #0,
az1 az2
ap-11 Ap—-12 ... Ap—1p-1
ee gce2da MOAHCHO pasaodHcumdsd 6 ’I’LpOU3660€HU€
A= BC, (5.1.2)

2de B u C' — coomeememeenno Ae6as u Npasas mpeyzoibHoe MampubL.
HokaszarenabcTBo. 3amernm, uro ecian pasdsioxenue (5.1.2) cyie-
CTBYeT, TO OHO OyJIeT 3aBeJIOMO He eIMHCTBeHHBIM. B camoM nee, 3amuiiem
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(5.1.2) B crenmytomemM Buje:
A—BDD™1C,
rie D — amaronanbhas Marpuia. Torma marpunsl BD u D™'C 6ynyT cho-
Ba TPEYroJIbHBIMU TIpeXKHero crpoennsi. [lokaxkem Ternepb, 9TO MaTpUIHOE
ypasuenue (5.1.2) numeer perrenne.
I[Iycte bjj u ¢;j — snaementel marpun, B n C. IIpupasanBas mMexxy coboit
3JIEMEHTBI MaTpuIisl A u npoussenenuss BC', momydaem

min(4,7)
aij = E : bipCpj-
p=1
Orcrona ciemyer:
. a i-1
. 1) il , .
biicii = an; ¢y = T bin=——, j=2,3,...,n; biyci = a;— g bipCpi, ©=2,3,
11 C11 =
p=1
i—1 i—1
aij — 2. bipey; aji— 2. bjpCyi
p:]_ p:]_ . . . .
Cij = ; , bji= , 1=2,3,...,n, j=1+1,14+2,... n.
i Cii
(5.1.3)
Urak, ypasuenue (5.1.2) Gyjger HaBepHsKA UMETh DEIICHUE, €CIH BCE
ancia by v ¢ (6 =1,2,... ,n — 1) He paBHBI HYJIIO.

[Ipennonoxum, ato bgrcrr = 0 mpu Hekoropom k. M3 (5.1.3) BbiTekaer,
4TO B 3TOM CJIydae BO3MOXKHO OCYIIECTBUTD JIUIIL PA3JIOXKEHNE

Ay = ByC,
rie A, By n C) — MaTpuibl yriioBeIX MUHOPOB k-T0 mopsijika matpuiy A, B
u C. Jlanee Haxonum

k
|Ag| = |Bi||Cx| = H bppCpp = 0.
p=1
DTO NPOTUBOPEUNT NPEJNOIOKEHUIO TEOPEMBI, CICJOBATEILHO, BCE YUCIa, bj;
ey (i =1,2,...,n—1) He paBHBI HYJIO U pazioxkenue (5.1.2) umeer mecro.

5.2. IlouTtu TpeyrojbHbIe MATPUIIBI.

Marpuna A HasbiBaeTcs IMIPaBOiil MOYTH TPEYTOJbHOIM, ecin s ee
3JIEMEHTOB @;j BBINOJHAIOTCS COOTHOIICHUA

aij =0 mua ¢ > j+1, (5.2.1)

¥ JIEBOM MOYTU TPEYTOJIbHOM, CCIM /IS €€ 3JIEMEHTOB @;j BBINOJHAIOTCS

COOTHOIIICHUS
ajj =0 gt j >0+ 1 (5.2.2)
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3aMeTM, 4TO CyMMa OJHOMMEHHBIX MOUYTH TPEYTOJbHBIX MaTpHUIl OyIeT Ma-
TpUIleil MOYTH TPEYroIbHOI, a mpou3BeaeHne — HeT. Kak u jobas KBaJpaT-
Has MaTPUIA C OTJWIHBIMU OT HYJIsI TJIAaBHBIMA MUHOPAMU, TTOYTH TPEYTOJIb-
Has MaTpUIla MOXKET OBbITh pa3JjoyKeHa B IMPOU3BEJICHUE JBYX TPEYTrOJbHBIX
matput,. OgHAKO Terneph 9TO Pa3JI0KEHNE CTAHOBUTCS DOJIEe TPOCTHIM.

Teopema 5.2.1. Ecau mampuuya A — npasas nowmu mpeyzoivHas, mo
6 pasaooicenuu (5.1.2) mampuya B 6ydem deyxrduazonarvhot, ecau mampu-
ua A — aesaa noumu mpeyzosvnad, mo 6 pasaogcenun (5.1.2) mampuya C
bydem dsyrduazonasvHol.

HokazaresbcTBO. PaccMoTpum, Hampumep, ciaydail nmpaBoil 1modTu
TPEyTroJaLHON MaTpUIbl A U JIOKaXKeM, UTO

biji =0 g j >i4 1. (5.2.3)

[Ipy ¢ = 1 3TO COOTHOIIIEHNWE HEMOCPEJACTBEHHO BLITEKAET W3 MEPBOI

crpoku (5.1.3) u ompenenenus (5.2.1). Ilycts (5.2.3) BbIMONHEHO IS BCex
1=1,2,...,k, k> 1. Tormga nonyuaem

k
@kt = 2 bintpk
p:
bjk+1 = =0
Ck+1,k+1
i § >k + 2, Tak Kak Jyisl 9TUX J 4ucia a1 = 0 10 yCI0BUMIO TEOpeMbl,
a bj, = 0 no npeanosnoxenuto. Teopema nokazana.

B cuny (5.2.3) dopmyasr (5.1.3) nprobperator ciepyonmii BuL;

a1 ay; . .
511011 = aii, bgl = —, Clj = ] = 2, 3, <.y NG b”C“ = aii—bi’i_lci_l,i, 1 = 2, 3, ..
ci bi1
Qj415 Qj5 — bi,i—lci—l,j . . . .
bi+1,i: y Cij = b , 1=2,3,...,n, 7=14+114+2,... n.
Cij i1

JIerko HaxoauTCs XapaKTepUCTUICCKU MHOIOUJICH
MOYTHU TPEYrosbHON Marpuiibl. Hanpumep, jijist npaBoil nouTu TpeyrojbHOM
MATPUIBI OH MOXKET OBITH BBIUNCIICH MO PEKYPPEHTHON (hopmyie

Ap(A) = (A —ap) Ap—1(A) — ap p—1Dk—2(A) — app—105-1 k—20k—2 s Dp—3(A)—

— .. — 0k k-10k—-1 k-2 - - .aglalkAo()\). (524)
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Bmech Ag(A) = 1,

A — ail —ai12 ce — Qa1
AN =| A=am o maa | g
0 0 )\—akk

B cnpaseyuBocti (5.2.4) sierko yoeanThest HOCPEJACTBOM PA3JIOKEHUsT OMpe-
neruresist Ag(A) Mo smemMeHTaM TOCIeHEro CTOIOIA.
[Ipu srom onpegenurens marpuiibl A, odesuiano, pasen (—1)"A,(0).

5.3. YHuUTapHbIe MAaTPUIIbI.

Marpuna A ¢ snementamn u3 mosst KomiieKcHbx duces C HasbiBaeTcs
YHUTAPHO, €C/IM OHA YJIOBJIETBOPSIET YPABHEHUIO
AA* = FE, (5.3.1)
rie A* — marpuua, conpsikennasi ¢ A, r.e. A* = AT yepra oznauaer onepa-
IO KOMIIJIEKCHOTO COTIpsI?KeHus, T — onepalus TPpaHCIIOHUPOBAHUS MaTpH-
1bl. Eciu yHuTapHas MaTpuIia siBJISEeTCs BEIECTBEHHO, TO HaIlle OIpejie-
JIEHUE TIPEBPAIAETCs B ONPEJIeJIeHue OPTOrOHAJILHOW MaTpuIlbl. Takum 00-
pa3oM, YHUTAPHOCTb — ODOOOIIEHUEe OPTONOHAJBHOCTU Ha CJIy4ail MaTpUIl C
KOMIIJIEKCHBIMU 3JIEMEHTaMHU.

Cootrnomrenne (5.3.1) MOXKHO TIepernucaTh B BUJIE
n

E ;5 A :5ik; Z,k: 1,2,... , N,

j=1
rne 0;; — cumBos Kponekepa. Ecin 00603HaUUTh 4-10 CTpOKY MaTpuipl A
qepes AT (i = 1,7n), To 4epes cKaIApHOE TPOU3BEICHIE TIOCICIHEE COOTHO-
MeHne 3anuIeTcs Kak

*
(Ai, Ap) = AL A = dig.

Takum 0Opa3oM, yHUTApHAS MATPUIIA — ITO TaKasd MATPHUIA, Y KOTOPOil CTpo-
K OPTOTOHAJBHBI ¥ KaxkJas CTPOKa uMmeer eauaudnyio jpuny. 13 (5.3.1)

crenyer, uto A* = A~™! nostomy A*A = A7'A = E. Cnenosaresbho,
n

E ajiajr = Oik, L,k=1,2,... n.
j=1
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DTO O3HAUAET, UTO CTOJIOIBI MATPHUILI A OPTOrOHAILHBI, a KaXKJIbIi CTOJIOEI]
FMeeT eJMHUIHYIO JIJIHHY.

YHuUTApHbIE MATPHILI 00JIa1AI0T CIEYIONMMHA CBONCTBAMM.

1. Ecim A — yHuTapHas MaTpHIa, TO ee ONpeIeINTeNb eCTh KOMIJIEKC-
HOE 4YHCJI0, 10 MOJLYJIIO paBHoe equnuie. [leficTBuresnio,

det(AA*) = det(A)det A* = det(A)det(A) = (det(A))* =1,
otryna |det(A)] = 1 (3mech mas onpeneauTesns MATpuibl A HCTOIB30BAHO
obozratenne det(A), IToObI HE CIyTaTh ¢ 0OO3HAUCHUEM MOJIYJIsT THCITA).

2. Ecin A — ynwrapnas marpuna, to A* = A~ Dro yrBepxkienue
BBITEKACT HermocpeacTBenno u3 (5.3.1) mocse yMHOXKeHUs 00enx ero Jacteii
ciesa na AL

3. Ecim A — yuwurapnas marpuia, To A* Toxke yHuTapHa.

4. ITpoussenenne ByX YHUTAPHBIX MATPHIL €CTHh MaTpPHUIla yHUTapHas. B
camoM jieste, ecin A m B — yHuTapHBIE, TO

(AB)(AB)* = ABB*A*= AFA* = F.

5. YHuTapHas MaTpHIA TOPSAJKA N UMEeT N B3aUMHO OPTOTOHAJILHBIX
COOCTBEHHBIX BEKTOPOB € XapaKTEPUCTUIECKUMHU THCJIAMH, O MOJLYJIIO DaB-
HBIMH €JIMHUIE. DTO CBOICTBO IIPUMeM 0e3 JI0Ka3aTeTbCTBA.

Bertecrentbie yHuTapible MaTPUIhl HA3bIBAIOTC OPTOTOHAJIBHBIMU.
Tak xak jis Bemecrsennbix Matpun, A* = AT, o onpenenenue oproronasin-
HOW MaTPHIIBLI MOXKET ObITh 3alNCAHO B BHJE

AAT = E.
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K yHHTapHBIM MaTpUIIAM OTHOCATCS dJEMEHTapHble YHUTApHBIE MaTpPH-
I1BI

i \

cos @ - ' —sing - €'

sin @ - e¥s cos (p - e

\ 1/

re g AeHCTBUTETBHBL U 11 — Py = b3 — Y4(mod 2m). Oun ormvamTest or
CJIMHUYHON MaTPUIBLI TOJLKO YETBIPLMSI 3JIEMEHTAMU, CTOSIIMMA Ha Mepece-
YeHWW ¢-if 1 j-fl CTPOK U 4-TO W J-T'O CTOJIOIOB.

[TokaskeMm, 4TO TaKuMe MaTPUILI YHUTAPHBL JJIs 3TOrO JOCTATOYHO J0-
Ka3aTh, YTO KaxKJasl e BEKTOP-CTPOKA UMEeT €IMHUIHYIO JIJIMHY, & CTPOKH
OPTOroHaJbHLL. TO, 94TO CTPOKKM ¢ HOMEpPAMHU, OTJMYHLIMUA OT ¢ U J, UMEIOT
eJIMHUYIHYIO JIIMHY, OUeBUAHO. JuHa i-it cTpoKn

n
Z ‘azk|2 — \/| CcoS 90‘2|el¢1‘2 _I_ | _ Sin(’0|2‘€l¢2|2 — \/C082 (‘0 _|_ Sin2 (}0 — 1,
k=1
JUTUHA, J-11 CTPOKHU

n
ain|? = /| sinp|?|es]2 4 | cos p|2|e?4|2 = 4/sin® p + cos? p = 1.
j

k=1

76



OcraeTcs J10Ka3aTh, YTO CTPOKU OPTOrOHAJbLHBI MEXKy coDOif, T.e. UTO Hpu

| # k ckansgpHOe nmpousBejieHue [-it cTpoKu Ha k-0
n

Z A m = 0.

m=1
Ecin [ w k otnmaner or u oT ¢ u OT J, 3T0 oueBuano. Ilycrs | = i, k # 7,
TOTJIA

n
ZalmW: CoSs e -0 —sinyp e .0 =0.

m=1

AHajornIHO MPOBEPSIETCs, UTO CKAJSPHOE IIpousBeieHue [-it crpoku Ha k-1o
paBHoO HyJito ipu | # i, k = j (nposepbre). Hakonen, npu [ =4, k = j, re.

Ipou3BeJieHne i-if CTPOKU Ha J-10 PABHO
n

Z Qi @jr, = COS P ™1 sin © e "3 _gin %) "2 cos © e~ = cos Y sin (ei(¢1_¢3)—ei(¢2_¢4))
m=1

Tak kak 1 — Y3 =Yy — Yy + 27, n € Z, 10

n
Z Qi @, = COS O SIN (P e (V2= (e%M — 1) = 0.

m=1
Takum 0O6pa3oM, YHUTAPHOCTH JIOKA3aHa.
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Cpeu 3/IeMEHTapHBIX MATPUIL sBJSIOTCS Haubosiee yIoTpeOUTeIbHBIMI
MAaTPHUILbI
(| )

COS —singp - e

sing - e Cos @

\ )

KOTOpPBIE TTOydatoTcd npu ¥ = oy = 0, o = ¢, 3 = —, u npu 3TOM
Y1 — Py = = = 1P3 — 1fy.

OdeBuIHO, YTO NpPH YMHOXKEHHH MAaTpuibl A cjaeBa Ha MaTpHUILY
Rij(p, 1) m3Mensiorcst JMNMb (-5 U j-5 CTPOKN MaTpuisl A. A nMento, s
9JIEMEHTOB i-#f u j-it crpok mMarpuisl Ay = R;j(p, 1) A nomyaum

(1)

— — Qi S i
aj, = Qip COS P — Qjpsing e

)

aﬁ%} = ajpsing e +aj,cosp, p=1,n.

Jlemma 5.3.1. Bcezda moorcro nodobpamsv napamemput © u P max,
wmobwv 6 npoussedenun, mampuyov, A caesa na Rij(p,1) cdeaamo pasroim
; 1
HYA10 20000 INeMmenm ag-p).
JJokazaTenbcTBoO.

1. ycrs +/]ap|? + |ajp|? # 0. BoiGepem ¢ u ¢ Takum 06pasom, 4To

Y = arga;, — arg ajp,

|aip| = |ajy|
, — .
Viapl? + lajp? Viap)? + lajp)?

Cos p =
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Torma

. . . -1 . . . . —iargap i arga;p .
ag;) = a;psing 6_“/’—|—ajp cos p = alp\a]p|e2 + aﬂ;‘aw| _ alp\a]p\e . € 2"‘ ajp\a
\/|aip‘ + |ajpl \/‘aip| + |ajp|
_ _a'ipa'jpe_i arg a;p + a’jp|aip‘ _ —iarga, —QipAjp + ajp‘a,ip‘ei arg a;p _ _—iarga —QipQjp + ajpQ;
\/|aip‘2 + |ajp|2 \/‘aip|2 + \aij \/‘aip‘Q + |ajp‘2
2. Bcn xe |aip| = |ajp| = 0, 10 @ = ajp =0, u a%) = 0 npu s060M

BBIOOpE © U 1, HAIpUMeEp, MOYXKHO B35Th cos ¢ = 1, siny) = 0.

Teopema 5.3.1. Jlobas womniexcras mampuua A npeobpasyemcs 6
NPasy0 Mpeyzosvryt0 MAMPULY NOCPEICMBOM YMHONCEHUA CAEBA HA KO-
HEUHYIO YENOUKY IAEMENMAPHHT Yyrumapuox mampuy Ri;(p, ).

JokasaTeabcTBo. YMHOXKXIM MAaTPUIy A ciaeBa Ha MaTpPHUILLI
Ris, Ri3, ..., Ry,, BoiOupas ux Tak, 4T0OBI MOCIEI0BATEIHLHO aHHYJINPO-
BATH BCE 3JIEMEHTBI MIEPBOrO CTONOIA, KPOMe BepxHero (Kcmosb3yst n — 1 pa3
gemmy 5.3.1). Tlocsie aTux nmpeobpasoBaHuii IPUXOANM K MATPHUIIE

(w0 o)

ayy QG2 ... Gy
(1) (1)
AV =Ry, Ry, 1 ... Rp A= 0 oz - oy :

1 1
\ o o) ... o))
3aTeM nojoupaem marpuilbl Rz, Roy4, ..., R, Tax, 4robbl nocjie yMHO-

xernst Marpuisl AW Ha HEX ceBa AHHYJIMPOBATH BCE SJIEMEHTBI BTOPOTO
crosib1ia, Jexalue Huxke araroHasn. Jlajee nepexonum K MCKJIFOUEHUTO MO/~
JIMaroHaJbHBIX 3JEMEHTOB 3-10 cToj0Ia U T.J. B KoHIEe mporecca mojydaeM
npaByIio Tpeyronbuyio Marpuiy A1,

[Iponssenenne ynuTapubix MaTpuIl [1;; ABIAETCS yHNTAPHONR MaTpuIei,
IO9TOMY M3 JOKA3AHHON TEOpEeMbI BLITEKAET

CaencrBue 5.3.1. Jlobas Komniekchas Mampuya ecms npoussedenue
YHUMAPHOT, MAMPUUDL HA NPABYIO MPEY20NDHYIO MAMPULY.

HdoxkaszarenbcTso. leiicrBurenbHo, 0003HaINM

R = Rn—l,an—Q,an—Q,n—l s Rl?:

TOTJ1A,
A=R*AMD, (5.3.1)
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Teopema 5.3.2. Jlwbaa komniexcrnas mampuya A npusodumes x npa-
60T NOUMU MPEY20ALHOT, MAMPUUE ¢ NOMOULBLIO KOHEYHOT Uenouku nodob-
nolr npeobpazosanud ¢ mampuyamu Rij(@, ).

JokaszaTeabcTBoO. YMHOXAM MAaTpUIly A ciaeBa Ha MaTpHILI
Ros, Roy4, ..., Ro,, BbOMpas nx Tak, 9ToObI MOC/IEI0BATEIBHO aHHYJIHPO-
BaTh BCE JIEMEHTHI IIePBOro cTO/IONA, KpoMe JIBYyX BepxHux. [locse BbimosHe-
HUsl 9TUX TPeoOpa30BaHuil PUXOIUM K MaTPHUIE

(

ailr aip ... Qip

~(1 ~(1 ~(1

ay) &) L&l
A(l):RQnRQ,n_l-..RggA: 0 &5)12) &;%) (5.3.2)

\o &y ... &l
JIerko BUAETH, YTO B MATPUIIE
AW = AVRs . Ry, | Rj, (5.3.3)

HepBbIil cTosIOel OyJeT TaKuM »Ke, KaK y MaTPHUIIbI AD), [Ipm sTomM u3
(5.3.2),(5.3.3)

AWM = RonRop1...Ro3ARss. .. Ry, 1Ry,

T.e. A nomobra A ¢ TOMOIBIO KOHEUHON MENOYKN MpeobpasoBanmii ¢ Ma-
Tputamu ;.

Hanee nmonoupaem Rsy, Rss, ..., Rs, Tak, 9TobbI mOCIEe M0I00HOIO
peodPa30BaAHKS MaTPHUILBI AW marpuieit Rg, ... Rg; R34 anHyJImpoBaTh
BCE IO/ IMArOHAJILHBIE JIEMEHThI BTOPOTO CTOJI0IIa, KpOMEe BepXHero. 3aTem
epexoauM K UCKIIUEHUIO 3JIEMEHTOB TPeThero crojdia u T.11. B KoHIe npo-
[ecca MOMNYUUM TIPABYIO [OUTH TpeyroibHyio mMarpuiy A2,

CraencrBue 5.3.2. JIobaa KoMNACKCHAA MAMPUYA YHUMAPHO NOCOOHG
npasoti nowmu mpeyzosbHoi.

HJoxkaszarTeanbcTso. eiicTBuTebHO, 0003HATUM

R = Rn—l,an—Q,n S R24R237
TOI'JIA,

A=RA2DR

BumecTo 3meMeHTapHBIX YHUTAPHLIX MOXKHO HCIOIH30BATH HECKOJIHKO
uHbie MaTpuibl. PaccmorpuMm mnpeobpas3oBaHue BEKTOPHOI'O MPOCTPAHCTRA,
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OCYIIECTBJISIONIEe OTParXKeHe BEKTOPOB OT 3aJaHHOM 1maockocTu (). Obo3Ha-
YUM Uepe3 W BEeKTOP-CTOJIOeI e IMHUIHON JIJIMHBI, OPTOTOHAJIbHBINA K ILJIOCKO-
cti (). PasyioxKuM npou3BOILHBINA BEKTOD Z Ha BEKTOD, JIEXKAIIUH B MLJIOCKO-
ctu () ¥ BEKTOpP, OPTOrOHAJILHBIN eii:

Z=X-+Yy.
3J1ech BEKTOD X JIEXKHUT B myiockoctn @, me. (x,w) = 0, a BEKTOp y 0OpTO-
TOHAJICH eif, T.e. KOJUJIMHEeAPEeH BEKTOpPY W, WHBIMHU CJIOBaAMH, Y = W, IJe

Q¢ — HEKOTOpPOe KOMILIEKCHOe unco. OTparkasich OT IJIOCKOCTH (), BEKTOD Z
MepexouT B BEKTOP

z=Az=x—y.

HokazkeM, 4TO npeobpasosarue ompadicenus A asasemcea sunetnvm. Jeii-
CTBUTEJIBHO, €CJIN A1 U A9 — KOMILJIEKCHbIE YNCJIA,
Zy =X1+Yy1, Z2=X2+Y>,

rae (x;,w) =0, y1 =ow, (x2,w) =0, y2 =W, 10 \iZ] + X2y =
(A1x1+Aex2) +(A1y1+A2y2), e (Aix1+AoXa, W) = A1(X1, W)+ Ao (X2, W) =
0, AMy1+ \ys = ()\1041 + )\QOZQ)W. [Tosromy A()\lzl + )\222) = ()\1X1 +
AoXz) — (Ay1 + Aoy2) = Mi(x1 — yi1) + Xa(x2 — y2) = MZi + Azo =
M Az + N\ Azo.

Urak, mpeobpasoBanue orpaxenns A sipysiercst muneitnbivm. Marpuiy U
9TOro mpeobpa3oBaHus OyeM Ha3bIBATH MATPUIIE oTparkeHus. s Hee
MOXKHO YKa3aTh SIBHBIN BUJI, 8 KMEHHO

U=F—-2ww".
HeiicTBUTEIBHO,
Uz = (E-2ww")z = z—2ww'z = z—2w(z,wW) = z—2w(X, W) —2w(y, W) = x+aw—2w(

=X+aw —2aW =X —awW =X —y = Z.

Mampuya ompasicernus asasemes ynumaprot mampuyed. JeficTBuTenbHO,
UU* = (E—2ww")(E—2ww") = E—4dww +dww 'ww" = F—4dww +dw(w, w)w" =
=F —4dww" +4ww" = FE.

Jlemma 5.3.2. I[Tycmv s ul — npoussosvhnvie sexmopa-cmoarbuyovl, npu-
wem 1 umeem edunuunyro dauny. Bexmop mopmaru W ecezda MOHCHO Gbi-
Oopamv makxum 06pasom, YmMobvL NOCMPOEHHAA NO HEMY MAIMPUUL OMPAKHCE-
nusa U nepesoduna sexmop s 6 eexmop, koasuneapHvid L.

HJokaszarTeJubcTBsBo. Bodgbmem

1
w = —(s — al),
p( )
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re

la| = ||s|lrr = V/(s,8), arga =arg(s,1)—m, p=|s—ad)|l;r=+/(s—al,s—al).
[Ipeobpazyem Benmunny p. Nmeem

(s,al) =a(s, 1) = [ale’™8%(s, 1) = |ale™e @8 GD. (5 1) = —|ale @8 GD|(s, 1) |28 G =

[Tosromy

(s—al,s—al) = (s,8)—(al,s)—(s, al)+(ad, al) = |a|?—(s, ad)—(s, ad)+|a|* = 2|a|*+2|c

", cj1eJ0BaTeJIbHO,

p = /2[al + 20a][(s, D).
IIpu sTom

2
Us =s—2ww's = s—2w(s,w) = s——(s,s—al)w = s——[(s,s)— (s, al)|lw =
p p

2 1 1
= s laf*tlal|(s.)[[w = s 2Ja*+2al|(s.)[[w = 5w = s—pw = ol

T.e. BEKTOD S C IIOMOIIBIO MAaTPHUILI OTPaXKEHUs IEePEeBOJIUTCSI B BeKTOp al,
KOJITMHeapHbIit .

JlemMa 5.3.2 mo3BosisieT NPUMEHATb BMECTO 3JIEMEHTAPHBIX YHUTAPHBIX
MaTPUI], MATPUIHI OTParkKeHWsl B TPOIECccax MOIYUYeHUsT Pa3IOKeHUi KOM-
IIJIEKCHOI MaTpuIbl B TeopeMax o.3.1 u 5.3.2. PaccmoTrpum, HampuMep, mpo-
necc passioxkenusi B reopeme 5.3.1. [lycrs A — npousBosibHasT KOMILIEKCHAS
MaTpuia. Y MHOXKUM €€ cJieBa Ha Marpuily orpakenus Up, BbiOWpasi B Kade-
CTBE S BeKTOP (ay1, Gs1, - - . , 1)’ , a B KadecTse I Bektop 1 = (1,0,0,...,0)T.
OueBnIHO, TTO MOC/E ITOTO MPEOOPAZOBAHUS TTPUXOINM K MATPUIE

(o o o)

ay; G ... Gy
1 1
A(l) _ UlA _ 0 ag; R agn)

1 1
Lo o) . dll))
Ha BTopom 1mare crpoum marpuily orpaxkeuusi Us 10 BekTOpam S8 =

(0 (1) (1))T,

0 1=(0,1,0,...,0)T. [Ipu arom B mMaTpure

A® = 1,AW = U,U, A
6YII‘YT paBHbI HyJIIO HOII‘,HI/IaI‘OHaJIbeIe SJIEMEHTDHI B HepBbIX II‘ByX CTOJI6HaX %1
T.J1. B KOHIIe niporiecca mojiyuuM MpaBylo TPEyrojabHYI0 MaTpPHILY.
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OTMeTHM, 9TO ¢ MOuKU 3PEHUA YMEHDULEHUA GUUUCAUMENbHOT pabo-
Mol 6b1200HEE UCTOADIOCANG MATMPUYDL OMPAHCEHUA, 6 HE INCMEHTAPHDLE
ynumapnvie mampuuyse Rij(p, ).

BemniecTBeHHbIe 3JIeMEHTAPHBIC MATPUIILI HA3LIBAIOTCS 3JI€MEHTaAPHBI-
MU MaTPUIIAMU BPAaIeHnus 1l MATPUIIAMHU IIPOCTOro nosopora. Onu

UMEIOT CIeIYIONINil BU;
([, )

cos ¢ —sin

sin Cos ¢

\ 1/

Ouesnpno, marpuist T;;(p) n R;i(p, 1) cBsA3aHbl COOTHOIIEHTEM
Tij(¢) = Rij(,0).
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5.4. DPMUTOBBI MATPUIIHI.

Marpuna A HasbpiBaeTCss IPMHUTOBOM, €C/IM OHA yIOBJIETBOPSIET PaBEH-
CTBY

A=A

DTH MaTPUIBI XaPAKTEPU3YIOTCsT TAKMMU COOTHOIIEHUSIMU MEXKJLY S/IeMeHTa-
MU

Mampuyo, ompasicenus AGAAOMCA IPMUMOGHLMU, TAK KaK

*
U'=(F-2ww")"=FE — 2(W*) w'=F—-2ww"=U.

DPMUTOBBI MATPHUIIB 0OTATAIOT CJICIYIONUMI CBOCTBAMH.

1. Ecau A — spmumosa, mo ee onpedesument — delicmeumenbroe wuc-
0.

eiicTBruTebHO,
Al =147 = |AT| = |A] = |A].
2. Ecau A spmumosa, mo A~ maxoice spmumosa.
B camom Jente,
(A—l)* — (A*)—l — A_l.
3. Ilpoussedenue d8yx nepecmanosoMHbLT IPMUMOEHLT MAMPUY, ABNA-

emca 2pmMumoeot mampuyed.
Heiicreurennuo, eciu A u B spmutosnl 1 AB = BA, To

AB = BA = B"A*= (AB)".
4. Ecau mampuua A spmumosa, mo aobas yrnumapho eti nodobras ma-
MPUUAL MAKHCE IPMUMOBA.
B camowm nene, mycts B = U*AU, rne U — yuurapuast marpuna. Torma,
B*=U"A(U")*=U*AU = B.
5. Ipmumosa mampuua nopadka n uMeem n 63aUMHO 0PMO20HANHBLT
COOCMBEHHBLT BEKMOPOS ¢ JeTiCMEUMEALHBLMU COOCMEEHHBLMU 3HAYLEHUAMU.

[Tpumewm cBoiicTBO H Oe3 JOKA3ATETHCTRA.
st mioboit KBapaTHO MaTpUIbl A 1 JIIOOBIX BEKTOPOB-CTOIOIOB X U

y
(Ax,y) = y"Ax = (A%y)"x = (x, A%y).

B ciyuae, korjia marpuiia A 3pMHUTOBaA, ITO J1aeT

(Ax,y) = (x, Ay).

[Tomarag y = x, moayaum

(Ax, x) = (x, Ax) = (Ax, x).
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Takum obpazoMm, 0af 2pMuUmMoBot MaMPUULL CKAAAPHOE NPOU3EedeHUe
(Ax, x) ecmo deticmeumenvroe wucao.

Cpeft 3PMUTOBBIX MaTPHI, 0COD0E MECTO 3aHUMAIOT TOJOXKUTEILHO
OIpeie/IeHHbIe MATPUIILL.

Onpegenenune 5.4.1. DpuuroBa mMarpuia A Ha3bIBaeTCsS MOJJIOXKU-
TEeJIbHO OMpPEeeJIeHHOM, eciu cKaJspHoe mpoussejerue (Ax,x) > 0 s
0boro BekTopa X # 0.

Beuny Toro, 4to
n

(Ax,x) = x"Ax = Z Qi TiT
ij=1
eCTb KOMILJICKCHAA KBaJpaTudHasg (GpopMa OT IEepEeMEeHHBIX T1,T2,...,Tn C
marpuleil A, To apmumosa mampuua ¢ mampuuetd A AGAACMCA NOAOICU-
meavro onpedeaennoti mozda U moavko moz0a, K020a NOAOAHCUMEALHO ONPe-
desennoti asasemesn keadpamuunas gopma ¢ mampuueti A, T.e. Korma s

JIIOOBIX KOMIIJIEKCHBIX YHUCEJT L1, L2, - - - , Ly, HE PABHBIX HYJIIO OJJHOBPEMEHHO,
n

Z A;jTiT; > 0.
ij=1

Cobecmeennvie  3HaUEHUA NOAOACUMEAbHO onpedescnnoti Mampubl
CMPO20 NOAOACUIMENDHDL,

HeicTBUTE/ILHO, IYCTH U — COOCTBEHHDLII BEKTOP MaTpullbl A, coorser-
CTBYOIINN COOCTBEHHOMY 3HAUEHMIO A, T.e. Au = Au, npudem u #* 0. Tak
Kak A mojoxurenbno onpejenera u u # 0, o

(Au,u) = (Au,u) = A(u,u) > 0.

TockonbKy s u # 0 semoansercs (u,u) = [[u]?; > 0, To u3 nocieanero
HepaBeHCTBa cieayer, 91o A > 0.

Mampuuwvt suda

A= B*B,

2de B — npamoyzorvnas mampuua ¢ AuHetlHo HE3ABUCUMBLMU CMOADYAMU,
ABAANOMCA NOAOHCUMENDHO ONPEICNCHHBLMIL,

B camom jente,

(B*Bx,x) = (B*(Bx),x) = (Bx, Bx) > 0
1t Beex X # 0.
BerecTsenbie SpMUTOBBI MATPUILbI HAZBIBAIOTCS CAMMETPUYE€CKIMMU.

Tak Kak jjs1 BelecTBeHHbIX MaTpull A = A, To onpejenenne cuMMerpuie-
CKOIl MATpUIIbI EPENMUIICTCA B BUJIE

AT = A,
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3aMeTHM, UTO TPEYroJbHas SPMUTOBA, MATPUIIA SIBJISETCs JUATOHAJILHON
marpurieit. [Iosromy Teopema 5.3.1 u ciengcrue 5.3.1 119 SpMUTOBOTO CIIydasd
PUMYT BU/I

Teopema 5.4.1. Jlobaa spmumosa mampuya A npeobpasyemcs 6 dua-
20HANDHYIO MAMPULY NOCPEICNBOM YMHONCEHUA CAEBA HA KOHEYHYIO UENOY-
KY 2AeMERMapHoLT yrumapnos mampuy Rii(@, ).

CaencrBue 5.4.1. Jhobas spmumosa mampuuya ecms npoussedenue
YHUMAPHOT, MAMPUYLL Ha OUG2ZOHAALHYI MAMPULY.

JIerko Takyke MOHSATH, YTO MOUYTH TPEYroJbHAS SPMHUTOBA MATPUIA, SB-
JISIeTCST TpexauaronajabHoi marpuieit. st sToro ciydast Teopema 5.4.2 n
ciencTBre 5.4.2 npuMyT GOpMy

Teopema 5.4.2. Jlbas spmumosa mampuuya A npusodumcsa K 3pmu-
mosoti mperduazorarbHOT, MAMPULE ¢ NOMOULBIO KOHEYWHOT Uenowky n0d00-
nolr npeobpazosanud ¢ mampuyamu Rij(@, ).

CnencrBue 5.3.4. Jlobas spmumosa mampuua yHumapuo nododma
mpexduaz2oMarvHOT IPMUMOBOT MAMPULE.

B merosax BeIAuCIEHUT BayKHYIO POJIb UT'PAET CJIeIYIONast

Teopema 5.4.3 (Treopema Illypa). Jasa at0boi mampuuyoe A cyue-
cmeyem ynumapnas mampuya U maxas, wmo mampuuya

B =U"AU
ABAACTNCA NPAGOT MPEY20AbHOT MAMPULET.

HdoxaszaTenasctTso. I3 Teopemnr 1.1.2 caenyer, 910 KaxKaas Ma-
TPUILA, UMeeT XOTs Obl OJIuH cOOCTBeHHbBIH BekTOpP. ITycTh Uy — cobcTBeHHbBII
BEKTOP MATPHUIILI A, COOTBETCTBYIOIIUI cCOOCTBEHHOMY 3HaUYeHIIO A1. [TocTpo-
UM yHUTapHyto Marpuily Uy, nepsbliii cTosib6e1; KOTopoil mpornopiuoHaleH Uy .
Torna maTpura

B, = U{ AU,
Oyzer uMeThb CAeyIOMIi BUI;
()\1 Bl ... bgg\
o b ... bl

\o s o)

Tak Kak u; — coOCTBEHHBI BEKTOp MaTpuilbl A, TO mepBbIil crosOer Ma-
tpunbl AU Oyzmer coBmajgarh ¢ BeKTOpoMm Aiuy. [Io mocTpoennio MaTpuilbn
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U, ckayisgiproe mpou3BeJienne BeKTOpa Uy Ha MEPBYIO BEKTOP-CTPOKY MaTpU-
el U] paBHO euHUIE, a HA OCTAJbHBIE — HYJIO, YTO W TOATBEPXKIAET BU]T
MaTpuibl By.

[IpuMensis Te e paccyKJIeHusl K MaTpUIe

(1 0 ... 0\

0 b ... bl

\o 51 .. )

MOJIY YA M

oo 8 o)
0 A b2 ... b
By = U; B1U, = 2 2
2=02= 1o o P ...l

\o 0 @ ... @)

[Tpogosmkum nporece jgajiee. Torma, mpuHUMAasi BO BHUMAHUE, 9TO MPO-
U3BeJIeHe YHUTAPHBIX MATPUIL €CTh MATPHUIA YHUTapHAsI, IPUJIEM K Tpedye-
MOMY pe3yabTaTy.

I'maBa 6. Kpurepun peryjgapHOCTHA U JIOKAJIN3AMNSA COOCTBEHHBIX
3HAYEHUI.

6.1. Kpurepunu peryisipaHoctu. YcjaoBus Amgamapa.

[Iycts A = (aj;) — mpomsBosibHAs KBaJpaTHasd MAaTPUIA MODPSAIKA 1 C
KOMIIJIEKCHBIMY 3JIeMeHTaMu. J[onycTum, 4To 3Ta MaTpuiia BhIPOXKIEHA, T.€.
|A| = 0. Torma cTOAOIBI MATPUIBI JIMHEHHO 3aBUCHMBI, T.€. CYIMIECTBYIOT
YUCHa T1,L2, ... ,Ly, HE PaABHbIC HYJIIO OJHOBPEMEHHO TaKue, 4TO JIMHeHasd
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KOM6I/IH&HI/I${ 9TUX BEKTOPOB paBHa HYJIIO:

(o) (o) (a0,

as1 a2 Ao,
r1+ ro+ ...+ T, =0,

N/ \aws/ \ann/

E Qi; T = 0, 1= 1,n.

j=1

T.€.

[Iycts k € {1,2,...,n} takoBo, uto |z}| = max{|zi|,|z2|,...,|zs|}. Tax
kak He Bce z; = 0, 10 |z)| > 0. s BoiOpanuoro k, B 4acTHOCTH,

n
Z Ap;T; = 0.
j=1
Ho Torma

aillzl = | = agas| < lawllei] < ol Y lagl.
j#k j#k j#k
Coxkpamias Ha |Ty|, TOTyTIaem

kel <) lagl. (6.1.1)

J#k
[TosToMmy, ecin BRITIONTHAIOTCS yCJIoBUsS AaMapa
H;, = \a“\ — Z \aij\ >0 1= 1,_77,, (6.1.2)

j#i
10 HepaBeHCTBO (6.1.1) HEBO3MOXKHO U, CJICIOBATENILHO, MATPUIIA A SBJISTETCS
peryJisipHoOii (HeBbIpOXKIeHHO! ), T.e. |A| # 0.

Takum obpa3oM, cIpaBejinBa,

Teopema 6.1.1 (Teopema Anamapa). Ecau das keadpammnoti mampu-
Yol M-20 NOPAJKA BUNOAHAIOMCA T Hepaseneme (6.1.2), mo mampuya A #6-
AACMCA HEBVLPOAHCICHH O,

Yejgosue H; > 0 o3Hadaer, 9TO MOJYJb JUATOHAJBLHOI'O JIEMEHTa, A
CTpOro OOJIBbIIE CYMMBI MOJIYJIeH BCeX OCTAJIbLHBIX 3JIEMEHTOB ¢-if cTpoku. Ta-
KO 3JIEMEHT Ha3bIBAETCsl JOMUHHUPYIOIIMUM JIJIsi CBOEH CTPOKHU. YCJIOBHE
Anamapa TpeOyer, 9TOOBI BCE IMATOHAJBHBIE JEMEHTLI MATPHUIL A ObLan
JIOMUHUAPYIOIMIUMHE JIJIsl CBOMX CTPOK.
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Teopema 6.1.2. Ecau evnoanaromea yeaosus Adamapa (6.1.2), mo daa
MOdyaa onpedesumenn A cnpasediusa caedyrowas ouenka CHU3Y:

HokaszareabcTso. Beegem scnomorarensuyio marpuiy F = (fij),
e

Qjj .. _—
fZ]:ﬁa 7’7]:17na
i

JIJIsT KOTOPOW
1 :
| fiil — Z fijl = F(aij — Z laij|) =1, i=1,n. (6.1.4)
j#i ' j#i
[Tycth A\g — cobcrBeHHOE 3HAUEHME ITOM MATPHUIIbI, KOTOPOMY COOTBETCTBYET

COOCTBEHHDI BEKTOp X = (o1, T9,...,2,)L. Ilycts k Taxoso, 4to |z =
max{|z1], |zal, ..., |z,|}, npuuem |zx| > 0. Torna

Fx = \x.

[IpupasiuBas k-10 KOOpAUHATY, Oy IHM
)\Oxk = E fijj.
J
13 sroro pasencrsa ¢ yuaeroM coorHotnenuii (6.1.4) nomydaem

[Xollzk| = ‘fkkxiﬁ-z fijj‘ > |fkk$k|_‘ ka]wj‘ > | fezrl = | fjllei] >
ik j#h

J#k
> ol (1Fl = D Figl) =l

j#k

Cokpalnast Ha ||, Haiijgem
Ao > 1.

Ho onpesenurens |F'| paBen npousBejieHuI0 COOCTBEHHBIX 3HAUEHU MaTpH-
el F. Kaxjoe u3 HUX 10 MOJIYJIIO OOJIbIIe WU paBHO eauHUIbI. [loaTomy
i

mod|F| > 1. (6.1.5)
C Jpyroit CTOpOHBI,
Al
F| = : 6.1.6
7 H\H,...H, ( )

[Toxcrapnas (6.1.6) B mepasenctso (6.1.5), mOMyYInM MCKOMOE HEPABEHCTBO

(6.1.3).
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OTmeTuM, 4TO JIJIsE KJIACCa MATPHIL, YIOBJICTBOPAIONINX YCJIOBUAM A jia-
Mapa ¢ 3aJaHHbiMu 3HadenusMu Hy, H, ..., H,,, otenka (6.1.3) e yiayd-
maema, 1mockosbKy npu A = (H;d;;) wepasencrso (6.1.3) mpespaiaercs B
PABEHCTBO.

Bamevanue 6.1.1. Tax kax |A| = |AT|, ro samenss marpuiy A Tpancro-
HUpoBaHHON Marpuneit AT, mosydaeM JIOCTATOUHBIE YCIOBHS HEBBIPOXKICH-
HOCTH MaTpuilbl A B Buje yciaoBuit Ajamapa Jijist ¢TOJIOIOB

G; = |a”| — Z |ajz~| >0, 2= 1,—n (617)
j#i
[Ipu BbITOIHEHUK STHX yeaoBHi BMecTo (6.1.3) MoaydnTcst oneHKa,

[Iycrs C' — npousBosibHAsSI HEBBIPOXKICHHAS KBaJIpaTHAs MATPHUIA N-TO I0-
psaaka. Torma marpuibl A 1 AC' 0JHOBpEMEHHO SIBJISIIOTCST HEBBIPOXK JEHHbI-
mu. [Tosromy B yesosusix (6.1.2), (6.1.7), a Takxke B orenkax (6.1.3), (6.1.8)
MoxkHO MaTpuiy A 3amenuts #a marpuny AC. Bapoupysa marpuny C, Oy-
JIeM TOJIy9YaTh pasindHbie (He KBUBAJICHTHBIE MEXKy coOOif) J0CTaTOYHbIE
YCIOBUST HEBBIPOXKICHHOCTH, & TaKKe OMeHKY jiuts | A|, anagornamnbie (6.1.3) n
(6.1.8). B wacrHocTH, ¢ moMoIIbio 1o00pa Haiexkalei Mmarpuibl C' MOXKHO
OCYILECTBUTH IIPOU3BOJILHYIO IEPECTAHOBKY CTOJIOIOB. TOrma BMECTo yCIoBMit
(6.1.2) mosmyunm ycsoBust

H) = |ai,| = Y lai| >0, i=Tn,
JF i
rie (u1, g2, - - -, ly) — PUKCHPOBaHHAS, HO MPOU3BOJIbHAS EPECTAHOBKA, HH-
nekcon 1,2, ... ,n. Urak, cupaBemimnba

Teopema 6.1.3. Mampuya A = (a;j) asaaemea neevposrcdennot, eciu
6 kasrcdoti ee cmpoke umeemcea domunupyrowud (ne obazamenvro duazo-
HaALHOT) dAeMEHM U IMU T QOMUHUPYIOUUT INEMEHNOE PACTLOAOHCEHDL 6
PA3AUYHDLT CTOADUAL.

AHaJIOruaIHBI pE3ysIbTaT UMEET MECTO JIJIsi CTOJIOOB.

6.2. Jlokamm3amusa cobcrBenubix 3HaveHuii. Kpyru I'epmmropuna.

I[Iycts A = (aj;) — IpOM3BO/IbHAS KBaIPATHAI MATPUIA N-TO TOPSIKA 1
A — Hekoropoe ee coberpertoe 3nadenue. Torma |[A—AE| =0, re. A—A\E —
BBIPOK IeHHAsT MaTpuiia. CleJOBATEIBHO [T Hee He MOTYT BBITONHATHCS BCE
yeaoBust AjlaMapa, T.e. JIOJZKHO UMETh MeCTO XOTst Obl OJIHO U3 HEPABEHCTR

X —aq| <) layl, i=Tn. (6.2.1)
J#i
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Kazxkmoe u3 nepasercts (6.2.1) onpeiesnsier HEKOTOPbIil KPYT B KOMILJIEKCHOM

A-TITIOCKOCTH pajinyca y | |a;j| ¢ HeHTpoM B TOUKE aj;, HA3bIBAEMbI KPYTOM
J#i

I'epmmropuna. [losromy cripaBejiiuBa,

Teopema 6.2.1 (Teopema I'epriiropuna). Kaowcdoe cobemesennoe 3na-
wenue A mampuuyve A = (a;j) 6cezda pacnososceno 6 odnom U3 KPY206
(6.2.1).

Takum obpazom, obbeauHenue Beex Kpyros leprropuna (6.2.1) maer
HEKOTOPYIO OBJIACTH JIOKAJIM3AIMU COOCTBEHHBIX 3HAUEHUI MaTpuinpl A,
T.e. 00JIaCTh, B KOTOPOi 3aBEIOMO JieyKaT BCe COOCTBEHHbIE 3HAUCHUST MATPHU-
el A. Kaykiprit Kkpurepuit peryasspHocT TPUBOAUT K CBOEi 00/1acTH JIOKAIN-
3allii COOCTBEHHBIX 3HadYeHuil. Tak, HampuMmep, UCXOIsI U3 YCJIOBUM Amamapa
JIUTsT CTOJIOIOB, MBI MOJYIUM OOJTACTD JIOKAJU3AIWH B BUJE OObEJIMHEHUS N
KPYyToB

N —aql <) lajl, i=Tn
J#i

[Ipumep 6.2.1. PaccMorpuM cuMMeTpriecKyto MaTpHILy 9€TBEPTOrO MO-

psiKa,
(0 4 1 —1\

4 0 -1 1

1 -1 -1 15

\=1 1 15 —1)

[Tockonbky MaTpuiia A — cuMMmeTpudeckas, TO y Hee Bce COOCTBEHHBIE 3HATE-
Hus jieiictBuTesibabie. [loaroMmy BMecTo obsacTeil JiokaIn3anun B KOMILJIEKC-
HOI A-TIJTOCKOCTU MOXKHO PACCMaTpPUBATH OTPE3KH, BHICEKAEMbIE STUMU 00JIa-
crsimu Ha, BerecTBeHHoi A-ocn. "Kpyrun"Tepmropuna nveror Bug

A <6 gna 1-it u 2-i cTpoK,;
A POK;
A+ 1] <17 gna 3-it m 4-ii cTpoK.

Ob6utacts I'epiropuna ecth 00beMHEHIE 3TUX OTPE3KOB U nMeeT Bu — 18 <
A < 16. 3HauuT Bce cOOCTBEHHBIE 3HAUCHUSI JIEXKAT HA 9TOM OTpE3KeE.

[ycrs P = ) |aij| — cymma MofyJieit 91eMeHTOB i-# CTPOKH MaTPHIbL
il
A 6e3 1umaronaJbHOrO 1eMenTa, Q; = Y |aj;| — cymma Momysteii smemMenTos
JFi

j-ro croabia MaTpuibl A 6e3 IrmaroHaJHLHOTO 3JIEMEHTa.
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Meer MecTo caemyomuii pe3yabTaT, KOTOPhIA MBI IpuMeM 0e3 JToKa3a-
TEJLCTBA.

Jlemma 6.2.1 (memma OctpoBckoro). Ecau npu nexomopom o« €
[0, 1] saemenmur k6adpamnot mampuyve A 1ad nosem KOMNACKCHHT YUCEN
C ydosaemsoparom nepasencmeam

‘CI,”Ha]J‘ > Pianl'_aa 27] :17_”7

mo mampuya A neswviposcdena.

OueBUIHBIM CJIEICTBUEM JIEMMDI SIBJISIETCS

Teopema 6.2.2 (teopema OctpoBckoro). Fcau A — kseadpammnan
mampuya nad nosem C, mo ece ee cobemeennvie 3HAYEHUA HATOOAMCA 6
obsedunernun, 06a.106 Ocmposcrozo

‘/\_aii|‘/\_ajj| < Pianl'_a7 i, J =1,n.

3adava 6.2.1. Onpegenure 00JIACTH JIOKAJIU3AIUN COOCTBEHHBIX 3HATE-
HUl MaTpHUILI TpuMepa 6.2.1 ¢ MOMOIIBIO JOCTATOYHOTO yeaoBus OCTPOBCKO-
ro. Cpasuure obsactu jokajnsanuu Lepiropuna u Ocrposckoro. Haiijure
IX [epecetdenne, SBsIONeecs, OUeBUIHO, TAKXKe 00IaCThIO JIOKAJTH3AINN COD-
CTBEHHbIX 3Hauenuii. st onpegenennocT BosbMuTe B reopeme OCTpoBCKOro

1
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IIpunoxxenue 1. /lokazaTejqbcTBO TeopeMbl 1.2.1 u jJeMmbl 1.2.1.

Teopema 1.2.1. Jlobas A-mampuua 2K8UBAAEHMHA HEKOMOPOTE U NPU-
mom eduHcmeenoll kKanonuseckold A-mampuye (m.e. npueodumcs ¢ nomo-
UBI KOHEUHO020 YUCAL IAEMEHMAPHBIT NPEOOPA30BAHUT K KAHOHUYECKOMY
6udy).

JoxkaszaTenabcTB o. JokazaTeJbCcTBO TPOBEJEM C MTOMOIIBIO
WHIYKIAN [0 7, TJIe N, — HOPSJIOK A-MaTPUIIBL.

1.IIpun=1

AQ) = (a(V).

Ecin a(A) = 0, to A(A) yxe kanonwdeckast. Ecin ke a(A) # 0, To pas-
neuB MHOrOWIeH a(\) Ha ero crapumii KoadduimenT (3To reMeHTapHOoe
npeobpazoBaHie), MOSYINM KAaHOHUIECKYIO MaTPHILY.

2. [IpeanonoKum, 4To yTBep K IeHNEe TEOPEMbBI BLITOJIHEHO JIJIST A-MATPHIL
MOpAJKa n — 1 ¥ JJOKarKeM, 9TO TOIJIa OHO BBINOJHSETCS JIJIs A-MaTPHUIL 0-
psijika n. PaccmorpuM nipousBosibyio A-marpuity A(\) nopsiika n. Ecian ona
HyJIeBas, TO OHA YK KAHOHUYECKas W BCe JIOKa3aHo. I103TOMy MOXKHO CUH-
TaTh, 910 y MaTpuiibl A(\) UMEIOTCS HEHYJIEBbIE JJIEMEHTHI.

[Tepecrapisis crpoku u cToabmbl A(A), MOXKHO TEpeBeCTH OJIMH U3 ee
HEHYJIEBBIX 3JIEMEHTOB B BepxXHwWii JieBbli yroi. ClegoBaTeabHO, Cpegu A-
MaTpHll, IKBUBaJEHTHBIX A(A), ecTh Takue, B JIEBOM BEPXHEM YIUIy KOTOPBIX
CTOMT HEHyJIeBOil MHorouaen. PaceMorpuM Bee Takue MaTpuibl. Cpenn Beex
A-MaTpHIl, 9KBUBAJEHTHBIX A(\) U UMEIOIINX HEHYJIEBOI JIEMEHT B BEpXHEM
JIEBOM YTJIy, MOXKHO HaiTH TaKylO, 4TO MHOIOYJICH, CTOSIINN B ee BepXHeM
JICBOM YTJIy, UMEET HAMMEHBIIYI0 BO3MOXKHYIO CTerenb. Jlesist mepByio CTpoKy
5TOII MaTPUIBI Ha cTapiinii Ko UIUEHT 3TOr0 MHOTOWICHA, MBI TTOJYIIM
CITEJLYIOIY IO A-MaTpHILy, SKBUBajeHTHY0 A-Marpuie A(A):

(61(/\) blg(A) bln(/\)\

Ay = | B2 b (Y

\bat(\) s .. Ban(})/
B sroii marpuiie eg(A) # 0, crapumii koaddurment eg(A) pasen 1 u Hu-
Kaxotl xombOuHauued INeMEHMAPHIT NPeobpadosanuti Heav3a nepetmu om
NOAYUEHHOT MAMPUUDL K MAKOT MAMPUUE, 68 NEBOM BEPTHEM Y241y KOMOPOT
CMOoANL Dbl HEHYAEBOT, MHO20UAEH MEHDULET, CTENENU.
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JloKkaxkeM, 9TO BCe 3JeMEHTBI IIePBOi CTPOKHM ¥ MEPBOro CTOJIOMA, TOJTy-
qeHHoil MaTputbl geiaarces Ha er(A). [Iycrs, nampumep, mig 2 < j <n

b1;(A) = e1(N)g(A) + r(A), rme crenens () < cremenb eq(N).
Boranrast u3 j-ro cronbia nepsblii crosiben, yMHOXKeHHBIH Ha (), a 3arem
IepecTaBJisis MEepBbIii U j-il CTOJONBI, TPUJAEM K MAaTpHUIlle, SKBUBAJEHTHOM
A()), B 1IeBoM BepxHeM yrity KOTopoil crout (), T.e. MHOrOUJIEH MeHbIIeil
crenenu, 9em e1(A), ITO BO3MOXKHO TOJIBKO B carydae, Koraa e1(A) = 0. Dro u
TpebOBAJIOCH JJOKa3aTh. [JIs mmepBoro crosbiia J10Ka3aTeJbCTBO aHAJOTUIHO.

Borauras u3 j-ro crosibia nepsbiii croaber, yMHOXKeHHbIH Ha ¢(A), Mbl
saMenuM seMent by;(\) mynem. [enast takue mpeobpasoBanus jyis j = 2, n,
MBI 3aMEHNM HyJISIMH Bce aeMenTst byj(A). AnajorndnbiM 0O6pasom 3ame-
HeAOTCA Hynamu Bee bii(N), ¢ = 2,n. [osToMy MBI OpHIEM K CIeIyIomei
MaTpulie, SKBUBaJeHTHOH A(\), B JIEBOM BEepXHEM yTiry KOTOPO CTOUT MHO-
rousiet e1(\), a Bce OCTAIbHBIE 3JIEMEHTBI TIEPBOM CTPOKH U TIEPBOTO CTOJIONA
PaBHBI HYJIIO:

(61()\) 0 ce 0 \

0 coa(A) ... ca(N) (IT1.1)

\ 0 cua(N) ... c,m()\))

[To npejnosioxKeHn0 MHYKIMK, MaTPUIA N — 1T0 MOpsijiKa, CTOsIIAsT B
IPaBOM HIXKHEM VIJIy MOCJeIHeil MaTpHIlbl, dJeMeHTapHBIMU ITpeodpa3oBa-
HUAMU TPUBOJUTCA K KAHOHUYECKOMY BUJLY:

(

(022()\) ce CQn()\)\ 62()\) ce 0

\e(V) eV L0 e

CoBepiiast 3TH ke Npeobpa3oBaHKs HaJl COOTBETCTBYIONMMU CTPOKAMU 1
cronbuamu (I11.1) — npu 3TOM TEpBasi CTpOKa W MepBbIi crosber He n3-
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MEHATCA — MbI IIOJIYIUM, 9TO

\ o 0 .. en(A))

st mokazaTebeTBa TOro, ITO 5Ta MATPUIA KAHOHUUIECKAs!, OCTACTCs JTOKa-
3aTh, 9TO e(\) gesaurcs Ha eq(A). IIpeamonoxum nporusroe: mycTh
e2(A) = er(M)g(A) +r(X),

rie 7(A) # 0 u crenens 7(A) < crenenb eq(\). Ilpubasnsst ko Bropomy
crosomy matpuibt (111.2) ee mepsbiit cronber, yMHOXKeHHBIH Ha g(\), a 3aTeM
BBIUUTAST U3 BTOPOH CTPOKHU MEPBYIO, Mbl 3aMEHUM 3JIEMEHT eg(\) 3JIeMeHTOM
r(A). [lepecraBiisist mepBbie J[Be CTPOKU U TEPBbIE JIBA CTOJIOIA, MBI TT€peMe-
cruM 7(A) B BEPXHUI JIeBbI#i yroa Marpuiibl. [IpUXoauM K mMpoTHBOPEUHIO ¢
BEIGOpOM €1(\). CytecTBOBaHNE KAHOHIIECKON A-MATPUIIBI, SKBUBAJICHTHO
A()N), mokazamo.

st qokazaTebCTBa ee eIMHCTBEHHOCTH CHavaJIa, JoKakeM jemmy 1.2.1.

JIemma 1.2.1. Muozounenw di(A), 1 <k <mn, wne menaomeca npu
BUNONHEHUU IAEMENMAPHHIT npeobpasosanud nad mampuyetd A(N).

JokazaTenbcTBo.

1. Paccmorpum asaemenmapnoe npeobpazosanue 1-20 muna (2-20 muna).
Ecin i-s1 cTpoka ymuoxkaercs Ha o« € P, « # 0, To MUHODPBI k-TO TIOpsiiKa,
gepe3 KOTOPbBIE -1 CTPOKA IIPOXOIUT, OYIyT YMHOMKATHCS HA (r, OCTAJbHHBIE
MUHODBI He n3mensiTcst. OHaKo HanbOIBINNiI ODIIWiT JIeIuTeTh MHOTOU/IEHOR
HEe MEHSIeTCs, eCJIi KaKHe-TO W3 MHOTOWIEHOB YMHOXKUTHL Ha « € P. i
yMHOXKeHUsT cTosiona Ha o € P, a # 0 jjoka3aTesibcTBO aHAJIOTHIHOE.

2. Pacemorpum anemenmapnoe npeobpaszosarue 3-20 muna (4-20 muna).
[Tycrs K i-it crpoke A(A) npubaBisieTcs: j-si CTPOKA, YMHOXKEHHAst HA MHO-
rousien @(A). O6oznaunm uepes A()) momydaloNLyocst TP STOM MATPHILY, &
HaMOOJIBIITUI ODIIKIA IeJIUTEIb e MIHOPOB k-T'0 MOPSIJIKA CO CTAPUIIAM KO-
dbummentom 1 — depes di(A). MUHODHI, Yepes KOTOphIe TPOXOINT i-5 CTPOKA,
He M3MeHATCA. He MeHsioTcss MUHOPBI, 1epe3 KOTOpbIe IPOXOAAT Kak -1, TaK
W j-s1 CTPOKK (OTIpeJIeINTeh He MEHsIeTCsT TIPH TIPUOABJICHNI K CTPOKE JIPY-
rOil CTPOKM, YMHOXKEHHON Ha qucno). OcraeTcs ciydai, Korjga i-si CTPOKa,
POXOJIUT Yepe3 MUHOP k-TO TOpsijiKa, a j-sd He NpoxojauT. Bozbmem J1100oii
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TaKo¥ MUHOD U obo3HauYuM ero uepe3 M. OueBugHoO,
M =M+ (\)M,

rae M' — munop A()), nomyqatonuiicst w3 M 3aMeHOil 9JIeMEHTOB i-it cTpO-
ku A(N) coorsercTRyOmUMHI 3neMentaMu j-it crpokn. Taxk kak M u M —
MuHOPBI k-To mopsizika A(A), To omu gemarcs wa di(A). 3HaunT, BCe MHHO-
pbl k-ro nopsiaka marpunsl A(X) gensrtes na di(\), nosromy di()\) neanres
ra d(\). Ho mist paccMaTpuBaeMoro aieMeHTapHOTrO MpeobpasoBaHust CyIIe-
CTByeT 00paTHOE dIeMEeHTAPHOE IPeodPA30BAHKE TOTO XKe TUIIA, CIe0BATE/ b
1o, di(\) memmrest na dy, (). Tak Kax craprime Ko3hUIMEeNTh MHOTOUICHOB
dr(\), dp()\) pasmni 1, To omn cosmagaior: di(A\) = di(\). s npeobpaso-
BaHUS 4-I0 THIA JOKA3ATEJILCTBO AHAJOIMYHOE.

Takum obpasoM, scem A-mampuyam, sxeusarenmuvm mampuie A(N),
coomeememeyem odun u mom gce Habop muo2ouaenos di(X), ds(A), ..., dy(A).

s nokazareabcTBa TeopeMbl 1.2.1 ocTaercsa Joka3aTh e JUHCTBEHHOCTD
KaHOHMYECKOH MaTpuipl. Ilycrs

0 62()\) 0

N0 0 e/
OJlHA M3 KAHOHMYECKMX MATpHI, dKBUBaJeHTHbIX A(N). Boramcganm muoro-
ainer di(A), k= 1,n.

Munop k-ro mopsijka, CTOSIIUI B JIEBOM BEpXHEM YIUIY €CTb

er(A)ea(N) ... ex(N). (I11.3)
Bozbmem mMuHOp k-1O TMOpsijiKa B CTPOKaX C HOMEpaMu 1i,%2,...,0%, IJE
11 < 19 < ... < 1 ¥ B crOjOIax ¢ Temu ke noMepamu. OH paBeH

e, (N)en,(A) .. e (A), uro gemmrest wa (I11.3). HeiicrBuresnnHo, us Toro, 9ro
1 < iy, crepyer, uro e;, () gennrcs wa eq(A), u3 Toro, uro 2 < ig, CIejyer,
aro e;,(A) gemmres na eg(A), n .. Ecoim B marpune B3ar munop k-ro mo-
psijiKa, Yepe3 KOTOPbI XOTsl Obl JIJIsi OJIHOTO ¢ MPOXOJUT %-s1 CTPOKa, HO He
IIPOXOANT Z-ii CTOIOEI, TO ATOT MUHOP COIEPKUT HYJIEBYIO CTPOKY U II03TOMY
pasen 0. Vtak, Bce Mmunopb! k-ro nopsijaxa gensites Ha (I11.3), ciiegoBaresbo,

dp(A) = e1t(Nea(N) ...ex(N), k=1,n (I11.4)
Ocraercsi mokazarh, 9ro muozousenv, ex(N), k = 1,n, odnoznauno
onpedeasromea mampuyed A(X). Ilyers panr marpunbst A(\) pasen r, Tora
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d.(A) #0, dry1(A) = 0. B ey (I11.4) orciona cremyer, ato eq41(A) = 0.
B cuity cBOCTB KAHOHUYECKOI MATPHIBI OTCIOJIa BBITEKAET, UTO €CJIH PAHT
AAN) =r <n,10 €,01(A) = ... =e,(A) = 0. C apyroit croponsl st k < r
n3 (I11.4) caenyer, aro

JloKazaTeabCTBO 3aBEPIIEHO.

OJTHOBPEMEHHO € JOKA3ATETBCTBOM MBI MOIYIMIN CIHOCOO HEMOCPesi-
CTBEHHOI'O BBIYUCJICHUSI MHOIOUJIEHOB € (), HA3bIBAEMbIX MHBAPUAHTHBI-
MU MHOXKHUTEeJIIMH MaTpuibl A(N).
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IIpunoxenne 2. /loka3zaTeJbCTBO OCHOBHOII T€OpeMBbI O TOA00MM
MaTpuIl 1 jeMMmbl 1.3.2.

OcHoBHag Teopema o nmomodbuu marpui. Mampuuv A u B ¢ sae-
Menmamu u3 nosi P nodobruv, mozda u moavko mozda, xoz2da ux xrapaxme-
pucmuveckue mampuuvt A — AE u B — AE sx6usarenmmb.

[Ipexx e, veM JOKA3LIBATL 3TY TEOPEMY, BBEJEM MOHATHE YHUMOMLY/ISIp-
HBIX MATPUIL U YCTAHOBUM BCIIOMOTATEIbLHBIE PE3YILTATHI.

3 npepiaymnx yTBep:KIeHUi CaeayeT, 9TO KPUTEPHil SKBUBAJICHTHO-
CTH A-MaTPUI, MOXKHO CHOPMYJINPOBATH B CICAYIOMINX JIBYX BUIAX.

ee A-mampuunv, 9K6UBAAEHMMH, M020a U MOALKO Mo2da, Koz2da oW
NPUBOIAMCA K 00HOMY U MOMY JHCE KAHOHUMECKOMY 6UY.

ee A-mampuuv, 9K6UBAAEHMMH, M020a U MOALKO mMo2da, Koz2da onu
obaadarom 00UHAKOBVLMU UHEBADUAHTIVHOLMU MHOHCUMEALMU.

BoiBejiem eriie ojiiH KpUTEPUil, UMEIOIIUI WHOW XapaKTep.

Onpepenenne I12.1. A-marpurna U(\) HaspiBaeTcs yHUMOAYJISPHOM,
ec/I ee KAaHOHUIECKOW MaTpUIIEil SBJISETCs eMHITHAST MATPHIIA, T.€. eCJIN BCe
ee MHBAPUAHTHBIE MHOKUTEIN PABHBI €IMHALIE.

JIemma I12.1. A-mampuya U(N) ynumodyaapna mozda u moavko mo-
2da, xoeda ee onpedesumensv |U(N)| omaunven om nyas u mne 3asucum om
A

Hoxkasareuabctso. Eam U(N) yanmonynsipra, t.e. U(A) ~ E|
TO 9TUM MATPHUIAM COOTBETCTBYET OfuH 1 TOT ke d,, (). Ho st eunmanoii
marputpl d,(A) = 1, snaqdur d,(A) = 1 gos U(X). Ho

P (0] |
crapimii Kosddurment U ()
Cneposareinnto, |U(X)| = [aucio # 0] - d,,(X) = [aucio # 0].

O6patno, eciu |U(A)| # 0 me 3aBucut ot A, 1o dp(A\) = 1 qsa U(A), wo
dn()\) = 61()\)62()\) ce
...en(N), orkyna Bece e;(A) = 1, m.e. kanonwdeckoii nist U(X) 6yner E.

CaenctBue 112.1. Beakaa nesvpostcdennas 4ucio6a.4 Mampua A6.A4-
emcs YHUMOIYAAPHOT.

YHUMOLYISIpHAST MATPHUIA, TeM He MeHee, MOXKEeT UMETh CJIOXKHBIA B/,
Hanpumep, A-marpuna

A A+ 5

M X —4 M- X34\ 4505

YHUMOJLYJIsIpHA, TaK KakK ee onpejiesuresib pased 20.
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Craencrue 112.2. [Ipoussedenue ynumodysaproir Mampuy, A6AAEMCA
YHUMOOYAAPHOT MAMPULYET.

Hoxaszatedanbctso. [Iycrs A(N) u B(\) ynumopyssipabt. [To
teopeme [12.1 onpenesmrenn |A(A)| u |B(A)| orsmamnst ot 0 1 He 3aBUCAT OT
A. Torga onpenenurens |A(AN)B(A)| = |A(N)||B(A)| # 0 u He 3aBucur or A.
[To reopeme I12.1 marpumna A(A\)B(A) yEumogynspHa.

Teopema I12.1. A\-mampuya U(N) ynumodyaaprua mozda u mosvko mo-
eda, xo2da daa Hee cywecmsyem oOPAMHAL MAMPUUG, MAKHCE ACAANOULAACH
A-mampuued.

Hoxaszarenbcrso. Heobxodumocmo. Ilycrs U(N) yHuMoy sipHa.
[Ipu mojcuere oOpaTHON MATPHUIBI MBI JIEJUM AIredparndecKue JOMOTHEHUS
Ha, ONpejie/uTeNb. Tak Kak OmnpejenuTe/ib — ducjio u3 P, orjawdanoe ot Hy-
JIsT, TO TPH JIEJEHAU Ha 9TO UUCIO OYIyT IMONyIaThCs MHOIMOUIEHBI. SHAUNT,
U~1(A\) — A-marpura.

Jlocmamounocms. Ilycrs cymectsyer U (), apasiomasics A-MaTpHIeii.
Torga |U(A)| — muorousen. Tak kak

U W] = 1,
10 062 Muorounena |U(N)| u |UTL(N)] umeror crenens 0, T.e. siBIsiOTCS Hmic-
JIAMHU, OTJIMIHBIMU OT HYJIS.

CaencrBue 112.3. A-mampuua, obpammas x yHumodysaproti mampu-
ue, cama YHUMOOYAAPHA.

Teopema I12.2 (kpurepuii 3KBUBAJIEHTHOCTH A-Martpuil). /lee \-
mampuyv, A(X) u B(X\) nopadka n sxsusasenmuve mozda u moavko moeda,
Kozda cywecmeytom ynumodyaapnoie mampuyo, U(X) u V(X)) mozo sce no-
padKa n maxue, 4mo

B(\) = UM ANV (A).

Hoxkaszaredasbcrtso. Heobrodumocmo. [lycrs A(X) ~ B(\). Torna
ot A(X) Moxmo nepeiitn K B(\) ¢ MOMOIIBIO KOHETHOTO THCIIA SIEMEHTAPHBIX
npeobpaszoBanuii. 3aMeHss KaxkKJ0e U3 HUX YMHOXKEHHEM CJIeBa MW CIpaBa
Ha 3JEMEHTAPHYIO0 MATPUILY, MOy IAM:

B(A) = Ui(A) ... U (M) AN V() ... Vi(N), (I12.1)
rie Bce MaTpuipl Vi(A) u V;(A) snemenTtapnsl, a, 3HAYNT, YHUMOILYJISAPHBL.
O6oznaunm U(A) = Uy(N) ... Uk(A), V(A) =Vi(A)...Vi(A). Oun ynumo-
NYJIAPHDBI KAK IPOU3BECHUE YHUMOAYJIAPHLIX MATpuIl. VTak, HANLINCh YHE-
mogyisipabie Marpuibl U(A) u V(X)) rakne, aro B(A) = U(A)AN)V(A).
HeobxonumocTs gokasana.

13 mpoBeeHHoil YacTh JOKA3aTeIbCTRA, CICLYeT
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Caenctue 112.4. \-mampuya ynumodysapra mozda u mosvko moeada,
Ko2da ona NPeICasUMa 6 6UE NPOU3EEICHUS INCMEHMAPHBIL MATPUL,

JleficTBUTEIBHO, TTyCTh A-MaTPUIA MPEJICTABUMA B BUJE NMPOU3BEICHUS
SJIeMEHTAPHBIX MaTpull. Tak Kak sjeMeHTapHble MATPHUIILI YHUMOY/ISPHBI 1
IPOM3BEICHUE YHUMOLYISPHBIX MATPUIL YHUMOJLYJIAPHO, TO A-MATPUILA YHU-
MOJLYJISIPHA.

O6parno, ecin W(A) — npousBosibHasi YHUMOJIYJIsIpHAsT MaTPUIA, TO
W(A) ~ E. Tlo cxeme jokazarebeTBa HEOOXOMUMOCTH TeopeMbl [12.2) mpu-
mernenHomy BMecto B(A) u A(A) k W(A) u E| uz (I12.1) nonyqaum

W(A) =U(A) ... U(N)Vi(A) ... Vi(N),
r.e. W(A) npejcraBima B BUjie NPOU3BECHNsT SJ€MEHTAPHBIX MATPHIL.

Jocmamounocmo. [lycrs qast A(A) uw B(A) cyImecTByoT yHUMOIYJIsIp-
upie Marputbl U(N) u V(X) rakue, aro B(A\) = U(A)A(N)V()N). ITo gokazan-
romy U(A) 1 V(A) MOKHO TPEICTABATH B BUJIE TPOU3BECHII SIEMEHTAPHDIX
MaTPHUIL

UM =Ui(N)...U(N), V(A =Vi(N) ... Vi(N).
Torma
B(A) = Ui(A) ... U (MNANVI(A) ... Vi(A).

Tak Kak KaxkJioe YMHOYXKEHWEe Ha, 3JIeMEHTAPHYIO MATPHUILY SKBUBAJEHTHO dJIe-
MeHTapHOMY mpeobpasoBanuio, To B(A) momyuaercs uz A(A) ¢ nomoribio
k + [, T.e. KOHETHOIrO YHUCIa JIEMEHTAPHBIX TPeoOpPa30BaHwil. JTO W O3HATA-

er, uto A(A) ~ B(A).
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Jloka3aTebCTBO OCHOBHOI TeOpPEeMbI O TTOJ00NU MaTPUIIL,
Heobxodumocmo. Ilycts A m B 0o00HbI, T.€. CYIIECTBYET HEBLIPOK ICH-
Hast Mmarpura C' Takas, 910

B=C"1AC.
Torma
CHA—-AE)C =C1'AC - \(C'EC) = B — \E.

Hepwrpoxiennple ancaoBplie MaTpuibl O~ i C aBIgI0TCS yHIMOTY A PHBIMH.
[To kpurepuio sxBuBaseHTHOCTH A-MaTpuil (Teopeme [12.2) A—AE ~ B—\E.
Hocmamounocmo. Ilycts A — AE ~ B — AE. Torna cymiecrByior yHu-
moysipabie Matpuiisl U () u V() Takue, 910
UMN(A—-AE)V(A) =B - \E. (I12.2)
YuauThiBast, 4T0 I YHUMOLYISPHBIX MATPHIL, 0OPATHBIE MATPHUIIHI CYIECTBY-
FOT U SIBJISIIOTCS A-MaTpPUIAMHE, Oy IAM:

UM (A—\E) = (B—-AE)V (), (T12.3)
(A= AE)YV(A) =U"\)(B - \E). (T12.4)
[Tpoussegem snesoe genenne U(A) na B — AE (crenens B — A\E pasna 1 u

B — A\E — peryspHblit MHOTOUJIEH — €r0 cTapiinii Koadduiument — F umeer
ONpeJIe/IuTel b, OTIHIHbIH oT 0):

U(N) = (B — AE)Q1(\) + Ry, (I12.5)
u npasoe jeserne V(A) va (B — AE):
V(A) = Q2(\)(B — AE) + R, (T12.6)

rie crenenn Ry u Ry menbie 1, T.e. Ry u Ry — mocTosHHLBIE.

C yuerom (I12.2) uz (I12.5), (112.6)
Ry (A=AE)Ry = (U(A)=(B=AE)Q1(A)) (A-AE)(V(A)=Q2(A)(B-AE)) =
=B—-AE—-U\)(A=AE)Q2(A\)(B=AE)—(B=AE)Q1(N\)(A=AE)V(N)+
HB - AE)QI(\)(A — AE)@u(\) (B — AE).
Ucnonbays (112.3), (I12.4), nonyqwm
Ri{(A—AE)Ry = (B—AE)—(B-\E)V™ ()\)QQ( J(B=AE)—(B=AE)Q1(\)U~ 1()\)(B AE
H(B-AE)QA)(A-AE)Qy(\)(B-AE) = (B-AE)/{E—[V" (M) Q2(N)+Q:(NU (V) -
—Qi(A)(A = AE)Qx(M)](B — AE)}.

Ho Boipakenme B KBaJpaTHBIX cKOOKax pasno (. Eciu mpeanonoXnTs mpo-
TUBHOE, TO TIOCKOJILKY 9T0 Bhipaskenne — A-marpuna (sean U~H(A), V()
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— A-MaTpHIBI), TO ee CTeNeHb HeoTpHiaTeJbHa. Ho Torjga cremneHb Bbi-
paxkenns B (UIYPHBIX CKOOKax OoJbllle WM paBHA 1, OTKyJa CTEleHb
R{(A — AE)Ry > 2 — npotuBopeune.
CnenoBaresibHO,
Ri(A— AE)Ry = B — \E,
OTKY/I2
RiAR;, =B, R Ry=F.

3 BTOpOro paBeHCTBA CJIE/IyeT, 9TO YUCJOBas MATpHUIla [y HEBBIPpOXKIEHA,
npuaem R;l = R;. IlepBoe paBeHCTBO TOT/Ia TPUMET BU/L
B = R;'AR,,

T.e. B momobna A. JlokazaTeshcTBO OCHOBHO# T€OpEMbI O TOZOOUN MaTPHUIL
3aBEPIIEHO.

O HOBpEMEHHO MBI HAyIHJINCH HAXOAUTH TY HEBBIPOXKIEHHYIO MATPUILY
Rs, xoropyio mepeobosnaunMm R, KoTopas Tpanchopmupyer marpuiy A B
marpuiy B. Umenno, ecin A—AE ~ B—AFE, 10 A— AE KOHEUHBIM 9HCIIOM
3JIeMeHTapHBIX MpeobpaszoBanuit nepesogutcs B B — AE. Bepem Te u3 srux
peodbpa30BaHNil, KOTOPHIE OTHOCSTCS K CTOJIOIAM, U MTPOW3BEIEHNE COOTBET-
CTBYIOIIUX 3JIEMEHTAPHBIX MATPHI], B3ATHIX B TOM K€ MOPsJIKe, 0O03HATUM
aepe3 V(AE). Hemnm V (AE) cipaBa Ha B — AE. OcraTok oT 9T0r0 JeeHust
u Oyzaer marpuieit R.

YKazaHHOe JieJIeHre MOXKHO He BBITIOJHSATD, & BOCIOJIb30BATHCS CIIEIYIO-
el JIeMMOiA.

Jlemma 1.3.2. ITycmo

V) =V + VI 4 VA + V., 1 #£0. (T12.7)
Ecau
V(A = Q\)(AE — B) + R, (T12.8)
mo
R=VB° +ViB* '+ ...+ V,.1B + V. (T12.9)

HJokaszaTenabcTB o. Bemomuum, 9ro panee Mbl 0DO3HAYAJIN
R = Ry u Q(\) = @Q2(\). JokazaresbecTBO COCTOUT B TOCJEOBATEIBHOI
npoBepke crpasenBocTi pasencrsa (I12.8), ecim muorounen V(A) Gymer
samenen ero 3amuchio (I12.7), BMmecto R = Ry Oyner nogcrasieno ([12.9), a
B KauectBe Q(A) = Q2(\) Oyjer B3sT MHOrOUIEH

Q(\) = Qa(N) = N Vo N 2(BVg+ V1) +X 3 (B2Vo+BVi+Va)+. . +(B° Vy+B* 2V 4

Hpe,ﬂﬂaI‘aeTCH npoaeJiaTb 3TO CaMOCTOATEJILHO.
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IIpunoxkenue 3. /loka3zaTejIbCTBO YTBePKAEHMIA, KAaCAIOIIUXCHA
2KOP/IAaHOBOI1 HOPMAaJIbHOI (POpMbI, 1 0O0CHOBaHUE AJITOPUTMA
NPUBEAEHUS MATPUIIbI K YKOPJAHOBOI HOPMAaJIbHOI (hpopme.

CHauajia yCTAHOBUM CJIEJTYOIIHH PE3YJIbTAT.
Jlemma I13.1. Ecau mmozounense o1(N), a(N), ... p:(X) nonapro 63a-
UMHO TPOCTIBL, MO
\ (s \

(901()\)

p2(A)

\ o)\ )

HJokaszarTesabcTsBo. Jocrarouno paccmorperhb ciyuait t = 2;
o0IIUil caydail Mmojaydaercs W3 Hero oueBUAHON muayknueit mo t. Tak Kax
MHOTOWIEHB! ©1(A) 1 2(A) B3aMMHO MPOCTHI, TO CYIIECTBYIOT MHOIOYJICHDI
u1(A) 1 uz(\) Takue, aro

©1(N)ur(A) + p2(ANug(N) = 1.

[TosTomy
p1(A) 0 ) fe(A) er(Wui(A) ) [ er(D) er(MNur(A) + e2(Mua(A) |
0 @A) 0 pa(N) 0 pa(A)
I 210 N S R B STV I 21O N
0 w2(N) p2(A) 0 0 —p1(A)p2(A)
N 1 0 N 1 0
0 —p1(A\)p2(A) 0 @1(A)p2(A)
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PaccMoTpuM »Kop/1aHOBY MaTpPHUILY

( )

Ji

\ 7.

Ee XapaKTEPpUCTUYICCKaAd MaTPpUlla UMECT BU/JL

0 \

A

A,

J—\E = : , (I13.1)

Jy -
\ M, )
riae B; — epuHudnasi MaTpUIa TOTO XKe MOPsIKa, 9TO U KJIeTKa, J;.

[TycTh K0pgaHoOBbI KJIETKU J; OTHOCATCS K CJICIYIOIIUM Pa3AUYHbLM TUC-
qaM: Ap, Ag,y .., A (8 <
<'8), K 9UCITy A; OTHOCHTCSI ¢; XKOPJIAHOBBIX KJIETOK (g; > 1) 1 mycTh MopsiiKu
STUX KJIETOK, PACIOJIOKEHHLIE B HEBO3PACTAIOMIECM TTOPSIIKE, Oy1yT

HpI/IMeHS{H dJIEMEHTapHbIe HpeO6pa30BaHI/IH K CTpOKaM 1 CTOJI6HaM (Hg.l),

KOTOpbIE TPOXOJIAT Uepe3 KIeTKy J; — AF;, Mbl He 3aTPOHEM JIPYIUX Jiha-
roHaJbHBIX KjeTok. CregoBaresnbro, B ([13.1) MOXKHO mpu mMOMOTIH SIeMeH-
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TAPHBIX NPeoOpasoBaHuil 3aMEHUThL KaxkIylo Kiaetky J; — AE;, 1 = 1,s,
COOTBETCTBYIOIIEH KiaeTKoil Buja (1.4.4), T.e. Buja

() )

\ (=2
Urak, J — AE axsusarenmua duazonarvioti mampuue, wa Jua2onani,

nomopou” cmoAam, nomMumo HEKOMopozo 4Yucia €0UHU’(4, mawxotce me&ymwue
MHO20YNEHDL, COOMEBEMCMEYIOULUE 6CEM %OP&GHOS’DLM KAEMKEAM MAMPUYDL

J:

PP V) L O WD VL U O = ¥ LT
A =AD)F (A=) L (A= M), (T13.3)
A= X)F A=)k o (A= A,

Mecra, Ha KOTOpBIX crosT MHOrowieHbl (I13.3), He yKasbIBAIOTCs, TaK Kak
B KayKJIOH JIMaroHaJbHOW A-MaTpUIle JUarOHAJILHBIE 9JIEMEHTHI MOXKHO MTPO-
M3BOJILHO TEPECTABJIATL IPU MOMOIIYU MEPECTAHOBKY CTPOK U OJHOMMEHHBIX
CTOJIOIOB.

[Iycts ¢ = max{qi, qo, ... ,q}. Obosnaunm wepes e,_;+1(A) mponsse-
JIeHNe MHOTOWIEHOB, CTOAIINX B j-M crosbie tabauip (113.3)
t
en_j+1()\) = H()\ — )\i)kij, ] = m (H34)

i=1
Ecan juisi HeKoToporo ¢ okaxkercst ¢; < j, TO B J-M CTOJIOLE MUMEIOTCS IIy-
creie Mecta. Torma coorBercTByIONME MycThiM MecTaM MHOXKuUTesnu B (113.4)
CUUTAaEM PaBHbIMU eJMHUIE. TakK Kak A1, Ao, ..., A\; PA3JIMUIHbI, TO CTENEHU
JIMHEHHBIX JIBY WICHOB, CTOsAIINE B j-M cTosibme tabsuipt (I13.3), momapho B3a-
uMHO npocthbl. Ha ocrHoBanuu jevmbl [13.1 oHn ipu nmomMoIu saeMeHTapHbIX

105



Ipeodpa3oBaHnii MOI'yT OBITH 3aMEHEHbI B PacCMaTPUBAEMOil JraroHaJbHOM
MaTPUIEe UX TIPOU3BEICHUAMU €n—j+1(/\) 1 HEKOTOPBIM YKCJIOM equHuIl. [Ipo-
nenaB 3To s § = 1, q, monydaum

| )

J— \E ~ en—g+1(}) . (113.5)

en_l()\)

\ en(V)

D10 — uckomut Kanonuveckut eud mampuuve J — AE. [leiictBurenbHo,
crapime Ko3hUIUEHTB! BceX MHOrOUIeHOB, crosnmx B (113.5) Ha rmasHoi
JINATOHAJIN, PABHBI €IMHUIE U KAXKJBIA M3 HUX JEJUTCSI Ha MPEIbIIYIIni B
cuy (113.2).

Teopema 1.4.1. /[se sicopdarosvr mampuys, nodobHv, mozda u mosbkKo
moezda, ¥020a 0OHU COCMOAM U3 00HUT U MEX HCE AHCOPOAHOBHLT KAELMOK, M.C.
OMAUNAIOMCA, OBIMD MOACEM, AUUD PACTLOAONACEHUEM IMUT KAETOK 600N
2446101 JUa20HAN.

HoxkaszaTenancTtso. Jocmamournocmsb. IlycTh XKOpJaHOBBI MATPHITHI
J n J' 0bnajalor oiHUM 1 TeM Ke HaDOPOM >KOPJAHOBBIX KJIETOK. B Tabaune
(I13.3) He oTpakasioch pacroJOKeHHe KOPJAHOBBIX KJIETOK BJIOJb TJIABHOM
muaronaiu u (113.3) mosHoCTHIO OMpeesIoch HAOOPOM FTUX KJIETOK. 3HA-
ant, J u J' coorBercTByer ojiHa M Ta ke Tabuuia MuHorousexos (113.3), a
noroMy ojHE U Te ke mMuorowiensl (113.4). [Tosromy xapakrepucTudeckue
marpunnl J — AE u J' — AE 001a1210T 0JMHAKOBBLIMU NHBAPUAHTHLIMY MHO-
JKUTEJISAME, T.€. SKBUBAJICHTHLI. 3HaunT, J n J' 1010015
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Heobxodumocms. Ilyers J u J' nopgobuwt. Torna J — AE u J' — AE
00JIa1aI0T OJHAMK U TEMH YK€ HHBAPUAHTHBIMU MHOKUTEIsIMA. [IycTh MHO-
rousienst (I13.4) past § = 1,q GyayT TeMu U3 MHBADUAHTHLIX MHOMKUTEICH,
KoTopeie otudubl ot 1. ITo muorowrenam (I13.4) oxmHosHatHO BoccTaHABIH-
Baercst Tabsuna Maorowienos (I13.3) (ona cocront U3 Beex Tex MaKCUMAJIb-
HBIX CTeNeHell JUHEHHBIX MHOXKUATEeJeH, Ha KOTOPbIe Pa3JiaraoTcsad MHOTOYJIe-
ubr (113.4)). Hakoner, no tabuuie (113.3) BoccraHaBaMBAIOTCS KOPJAHOBBI
KJIETKH HCXOHBIX YKOPAAHOBBIX MATPHIL: KasKAoMy MHOrowzeny (X — A;)Fi
n3 tabsmnpt (I13.3) coorBercrByer )opjanoBa KieTKa mopsaka kjj, OTHOCH-
MAACT K YUCIY A;. DTUM JIOKazaHo, 9To Marpulbl J n J' cocroar ns onnnx
M TeX K€ YKOPJAHOBDLIX KJIETOK M OTJIUYAIOTCs, OBITH MOYKET, TOJLKO UX Pac-
TOJIOXKEHUEM.

CaencrBue 1.4.1. 2Kopdanosa mampuua, nodobnas dua2onarvroti ma-
mpuue, cama duazonarvra. lee duazonasvrve mampuuv, nodobHve mo20a u
MoAbKO Mo2da, k0204 OHU NOAYYAIOMCA OpY2 u3 dpyza NEPecmanosroti -
cen, CMOAWUT Ha 2Aa6H0T JUG2OHANU.

Paccmorpum Teneps BOIIPOC 0 MPUBEACHIE MATPUILI K XKOPJIAHOBON HOP-
MaJIbHOI hopMme.

Ecau mampuua A ¢ saemenmamu us noas P npusodumces x orcopdaro-
60T HOPMaALHOT Popme, T.e. TTOZODHA XKOPAAHOBOI MATPHIIE, M0, KaK CIEIy-
et u3 reopembl 1.4.1, orcopdarnosa nopmarvras popma onpedeasemcea 0ra ma-
mpuuvt A 00H03HAUHO ¢ MOUHOCMBIO JO PACTLOAONHCEHUA HCOPOGHOBHLT KA~
mok na 2aasnoti duazonasy. YCiaoBue st TOro, 9rodbl A jgomyckasia Takoe
puBeeHne, YKa3bIBaeTCA B CIICAYIOIIE TeopeMe, JJOKa3aTeJIbLCTBO KOTOPO
JIA€T OJIHOBPEMEHHO MPAKTUICCKII CIIOCOD JJIsT pa3bICKAHUS YKOPIAHOBOM Ma-
TPUIIBI, TOZ00HOM A, eciin Takast »KOPJIaHOBA MaTPHIA CYIIECTBYET.

B nambmreiiiem MpuBOAMMOCTD B moJie P o3nagaer, 4To BCe SJIeMEHTI
TpaHCcHOPMUPYIOIIEH MaTPHUIIbI copepKaTcs B roje P.

OcHoBHag TeopeMa O ITPUBEJIEHUN MATPUIIHI K >KOPJaHOBOM
HOPMAaJbHOI popMme.

Mampuua A ¢ snemenmamu ud noas P moada u moavko mozda npueo-
dumesa 6 nose P x orcopdanosoti nopmarvnot gopme (m.e. nodobua scopda-
Ho601 Mampuye), kKo2da 6ce cobemeenmvie 3navenus mampuyv. A sescam 6
nose P.

Hoxkasareunsnctso. Heobrodumocmy. Ilycts A momobna »kop/a-
noBoit Mmarpuie J. Cobcrentbie 3nadenusi J — kopau Muoroutena |J — A\E|,
PABHOTO MPOU3BEICHUIO €€ TNATOHAJIBHBIX djieMeHToB. Suaqnrt, |J — AE| pa3-
naraercs HaJl nojeM P Ha juHeitnbie MHOXKUTE M. [loaToMy cobCTBEHHBIE
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snavenus J jexkar B moje P. Tak kax marpunnsl A u J momobubl, To onn 00J1a-
JIAFOT OJJHUMH U T€MH K€ COOCTBEHHBIMH 3HAUCHUSIMU. SHAYUT, COOCTBEHHBIE
sHauenns A jiexxar B noje P.

Jlocmamounocms. Ilycts cobeTBenmble 3HaUYeHUss A Jjexkar B mone P.
Ecan ornwdHble 0T eJuHUIbI MHBAPUAHTHBIE MHOXKHATEIN MaTpuibl A — AF
ecThb

engi1(N)s- - s eni(N), en(N), (I13.6)

A= ME| = (—1)"en_g1(N) . .. en_1(Nen(N).

HeiicrBurennuo, omnpegeaurenu A — AE u ee KAHOHMYECKOH MATPHUILLI

MOIYT OTJIMYATHCSA TOJBKO TOCTOSTHHbIM MHOXKHUTENeM (A — AE = U -
[ kamonmueckas marpunal - V', otryna |[A — AE| =
|U| - || kanonuveckasi marpuial| - |V|, vo |U| u |V| He 3aBucsat or A u ne

paBHbI Hyi0, Tak Kak U(A) u V (X) yaumMomyssapmsr), KoTopbiii paser (—1)"
— crapiemy kodbduuuenry |A — ME]|.

rak, cpegu muorounenos (I13.6) Her paBHBIX HyJIIO, CyMMa CTerneHei
BCEX 9TUX MHOTOUJIEHOB DABHA T U BCE OHH pa3JaraloTcs Haj moseM P ma

JuHefiHble MHOKUTe N (TaK Kak |A — AF| paznaraercs). [Tycrb
t

enjn(N) = [[A =) (1=Tq) (T13.7)
i=1
ectb pazsoxkenust MHorowienos (I13.6) B mpoussejenne creneneil jnHei-
HBIX MHoOXKuTesrelr. HazoBem ajieMeHTapHBIMHI JEJIUTEJIIMIA MHOTOYJIeHA
en—j+1 (J = 1,q) oramunbie or 1 ¢cTeneHn pasandHBIX JMHEHHBIX JBYJIe-
HOB, BXOJIsIIME B ee paznoxenue (113.7), T.e.
(A= A)F9 (X = X)L (A = )P

B cuiy 3aMKHYTOCTH OJIsT KOMILJIEKCHBIX THCEJT OTCIOA HEMEJIEHHO BhI-
TEeKaeT

CaencrBue 1.4.2. Beaxaa mampuua ¢ KOMNACKCHOMU IAEMEHTLAMU
npusodumcs 6 nose Komnaekcuur wucen C x ocopdarnosoti nopmarvroti pop-
ME.

Teopema 1.4.2 (HeoGxoauMoe M JIOCTATOYHOE YCJIOBUE IIPUBO-
JVMMOCTH MATPHUIBI K AUArOHAJbHOMY Bumy). Mampuya A nopadka n
c anemenmamu u3 nosd P npusodumesa x duazonarvromy eudy mozda u
Moavko mozda, K020a 6Ce KOPHU NOCAECOHE20 UHBAPUAGHIMHOR0 MHONCUMEN
en(N) ee xapaxmepucmuyeckoli mampuyse aescam 6 noae , npuyvem cpeou
IMUL KOPHET HEM KPAMHBIL.
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JokaszarenbcTso. [IpuBoguMocTh MATPUIILI K JUATOHAJILHOMY BHU-
JIy PaBHOCHJILHA IIPUBOJAUMOCTH K TAKOMY KOPJAHOBY BHJLY, BCE YKOPJAHOBLI
KJIETKH KOTOPOIO MMEIOT NOopsijok 1. JIpyrumu ciaoBamu, Bee sjieMeHTapHbIe
JICJIATEIM MATPUILI A JOMKHBL OBITL MHOrOYJICHAMHI NEepBoil cremenn. Tak
KaK BCE MHBAPUAHTHBIC MHOXKHUTEJN MaTpullbl A — AE apjsiorca npeauresis-
MU MHOTOUJIEHA €,(A), TO TocCJe/iHee YCJIOBHE PABHOCUJIBHO TOMY, UTO BCe
SJEMEHTapHbBIE JICJIUTeNIH MHOTOUJIeHa €, () nMeroT crernenp 1.

13 nokazarennbeTBa OCHOBHOM TEOPEMbI O MPUBEICHUNM MATPUILL K JKOP-
JIAaHOBOIT HOPMaJIbHO# (POPME BHITEKAET CJIe/ Ly IOLINit

AnroputM npuBeeHNsS MATPUITLI K »KOPJAaHOBOII HOPMAJILHO
dopme.

1. Haxogum cobcTBennble 3HaYEHNsT MATPUIILI A U poBepsieM, UTO OHU
npuHajexar nojawo P. Eciu 910 He Tak, TO JiejlaeM BbIBOJL O TOM, YTO Ma-
Tpunia A He MOXKeT OLITH mpuBeIeHa B mosie P K »KOpJaHOBOH HOpMAaJLHOI
dbopwme. Ecau coberBennble 3navennst marpunibl A npunajiexar momo P, To
nepexojuM K MyHKTY 2.

2. ObosnauuMm uepe3 Ai, Ag, ..., \; — BCE pa3jUUHbIe COOCTBEHHbBIEC 3HA~
gernst marpuibl A. Haxogum nHBapuaHTHBIE MHOXKNTEIN XapaKTEPUCTHYIE-
CKOil MmaTpunnl A — AE:

Ll .o 1 engr1(A)y ooy enm1(A), en(N),
rie ep—g+1(A) # 1,... ,e,(A) # 1. Cpennr 9TUX MHOIOUIEHOB HET PABHDIX
HYJIIO ¥ BCE OHM pa3JjaraloTcs Ha JnHeiHble MHOKuTegarn. CyMMa crerneHei
BCEX MHOT'OYJICHOB PaBHa 7. Pa3JloyKUM 5TH MHOTOYJICHDBI Ha JIMHEHbIe MHO-

KUTEJIN:
t

enja1(A) = [JA=2)% = A=A (A=) . (A=X)M,  j=T7q.
i=1
DJIeMEHTAPHBIMH JeJINTEIIMA MHOTOWIEHOB €,_j+1(A), Jj =
1, g, Ha3LIBAIOTCA OTJIMYHLIE OT 1 CTENEeHU pPa3IMYHbIX JUHEHHBIX JBYYJIe-
HOB, BXOJAIINX B IOCICIHEE Pa3/IoXkKeHue. DJIEMEHTAPHLIMU AeJIUTe Is-
MM MaTPUIBLI A Ha3bIBAIOTCS 3JIEMEHTAPHBIE JICJINTEN BCEX MHOTOYJICHOB
en_q+1(A), s e sy en(A).

BommucsiBarorest dJIECMEHTapPHbIE NEJINTEJIN MaTPHUIbI AB BUJIE Ta,6JII/I]_UaI

A=) (A= X)F2 (= )
A= 2x)" (A= A)F2 o (A= )R
()\ —\ )km, ()\ )\l)ktz, : ()\ _ )\l)ktqt
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Cocrapisercs »KopjaHoBa Marpuiia J MOpsKa 7, COCTOSINAs 13 YKOp-
JIAHOBBIX KJIETOK, TIO CJEJIYIOMEMY TPaBUJLy:

Kasicdomy saemenmapromy deasumento (X — \;)¥i conocmasasemes scopda-
no6a KAeMEG NopadKa kij, omuocawaaca x wucay A;. oaywennas mampuya
J u ecmv uckomas mampuua, m.e. mampuua A nodoona mampuue J.

110



